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1. INTRODUCTION

Consider an industry with I firms producing a homogeneous good. We make T ob-
servations of this industry over time. How do we test the hypothesis that the firms in
this industry are playing a Cournot game at each observation? We consider this problem
under two settings.

In the first setting, we assume that the cost functions of firms in the industry do
not vary across observations, so that the data is generated by fluctuations in the market
demand function. The observation at ¢ consists of the market price P;, the output of the
individual firm @;, (for every firm 4), and the total cost incurred by the firm C;;. We
identify the necessary and sufficient conditions that such a data set must satisfy for it to
be consistent with the Cournot hypothesis. The main condition is a marginal property
(M) that is easy to describe: the data set must not reveal instances of overproduction by
firms. Specifically, suppose that at time ¢ the firm is producing more than at some other
time ¢/, i.e., ;¢ > @Q;p. Then the data must not reveal that the firm is better off at time

t by reducing its output to @); ; specifically, condition M requires that
PQiy —Cipy < PQir — Ciy.

The right hand side of this inequality is firm ’s profit at time ¢ if it produces ();;. This
is larger than the left hand side, which is an under-estimate of its profit at time ¢ should
it reduce output to );». Note that the left side is an under-estimate because the good’s
clearing price will be higher than P, if firm i reduces its output (assuming, of course, that
the market demand curve is downward sloping).

Not only is property M necessary for the Cournot hypothesis, we show that it is also,
in essence, sufficient. This means that the observable restrictions on the Cournot model
in this setting are rather weak. Indeed if the firms are colluding rather than playing a
Cournot game, it will generate data that also satisfies M; in other words, collusion does
not lead to any observable behavior that is inconsistent with the Cournot model. The
main reason for this is that M is just a test that firms are not overproducing - it does
not test for underproduction. This in turn follows from the fact that at each time ¢, the
observer observes just one point of time ¢’s market demand curve - so while it is possible

that firms are curbing production at time ¢ in a way that is not individually rational, it



is also possible that each firm’s output is individually rational (given the output of other
firms), because the price will sharply below P, should any firm increase production. In
other words, there is too little information about the demand curve at time t for the
observer to distinguish between these two cases.

The second part of this paper considers another setting in which the observable restric-
tions on the Cournot model are considerably stronger. In this case, we assume that the
demand curve is stable across observations. Different observations over time are generated
by perturbations to the cost functions of individual firms. The observation ¢ consists of
the price P, the output of each firm, @);;, and the perturbation in marginal cost experi-
enced by each firm, 6;,. So the cost function of firm 7 consists of a permanent component
C; (which is not directly observable) and a perturbation 6;, which can be observed. Firm
i’s total cost of producing output ¢ at time ¢ is Ci;(q) = C;(q) + 0;i+q. One could, for
example, think of 6;; as a tax imposed on each unit of firm ¢’s output that varies over
time. In this setting, the problem is essentially one of constructing the unobserved per-
manent component of the cost functions C; (for every firm i) in a way that makes the
data consistent with the Cournot model.

In turns out that this problem has a solution if and only if there is a solution to a
set of linear inequalities constructed from the data. In a specific sense, the solution to
these inequalities also provide us with estimates of the permanent component C; of firm
i’s cost function (for every firm i). The inequalities are constructed by revealed preference
considerations, i.e., by requiring that firm i’s choice at each time t is superior to all the
other options which the data set has revealed to be open to firm i. Note that because
demand is stable across observations, the market price and total output at some other
time t' nonetheless provides the observer with information about firm ’s residual demand
curve at time ¢. Firm ¢’s output choice at time ¢t must be consistent with individually
profit-maximizing behavior given this information.

Related Literature. This paper is a contribution to the literature on the observable
restrictions/testable implications of various canonical economic models. One of the most
influential papers in this literature is Afriat (1967), which identified the general axiom
of revealed preference as the necessary and sufficient condition that a finite data set

of price and demand observations must satisfy for it to be compatible with the utility-



maximization hypothesis. This paper has generated a very large empirical literature. It
has also been extended in various ways; in particular, see Varian (1982) for an extension to
production theory and Brown and Matzkin (1996) for an analysis of observable restrictions
in general equilibrium models. Our paper is also related to the large empirical 1O literature
(surveyed in Bresnahan (1989)) that aims either to test various IO models or to derive
cost/demand information from observed behavior (typically under various game-theoretic
assumptions).

Organization of the paper. The next section sets out some concepts used throughout
the paper and also considers the problem of testing the profit-maximization hypothesis for
a monopoly using a finite data set, under the assumption that cost is stable but demand
is variable across observations. Section 3 considers an industry with several firms and
characterizes Cournot rationalizability, again under the assumption that observations are
generated by fluctuating demand. The case where demand is stable but observations
are generated by cost perturbations is examined in Sections 4 and 5. Section 4 identifies
necessary and sufficient conditions for a data set to be consistent with a profit-maximizing
monopoly in this context; this leads naturally to a necessary and sufficient test for the

Cournot hypothesis in Section 5.
2. RATIONALIZABILITY FOR A MONOPOLY WITH VARIABLE DEMAND

Consider an experiment in which we make 7" observations of a monopolist. The ob-
servations are indexed by ¢ in the set 7 = {1,2,...,T}; observation ¢ consists of a triple
(P, Q¢, I1;), respectively the price charged by the monopolist, the quantity he sells, and
the profit he makes. We require P, > 0 and @); > 0 for all ¢; we also require the profit II;
to be (strictly) smaller than total revenue P,Q);, so that the total cost C; incurred by the
monopolist in producing @)y, which equals P,Q); — I1;, is positive. The value of II; may be
positive or negative, so we may observe losses.

We say that the set of observations {(F;, Qy, I1;) }ie7 is rationalizable if they are con-
sistent with a profit-maximizing monopolist having a stable cost structure, with each
observation corresponding to a different demand condition. Formally, we require that
there be a C! function C' : R, — R and C' functions P, : R, — R, for each t in T, such
that



(i) C(q) = 0 and C"(q) > 0;
(ii) Pi(q) > 0 and P/(q) <0, with the the latter inequality being strict if P,(q) > 0;
(iii) C(Q;) = C; and P,(Q;) = P;; and
(iv) argmaxo[Pi(q)q — C(g)] = Qs

Function C' is the monopolist’s cost function; condition (i) says that it is positive and
strictly increasing.! Function P, is the inverse demand function at observation ¢; condition
(ii) says that more output can only be sold at a strictly lower price, until the price reaches
zero. From this point on, we shall refer to any C! cost function satisfying (i) as a reqular
cost function; similarly, a reqular inverse demand function is a C! inverse demand function
that obeys (ii). Condition (iii) requires the inverse demand and cost functions to coincide
with their observed values at each . Lastly, condition (iv) requires the observations to
be consistent with profit maximization. It is clear that conditions (iii) and (iv) together
guarantee that the observed profit is II; = max,>o[P;(¢)¢ — C(q)]. Note that we have
allowed for the existence of sunk costs since we do not require C'(0) = 0. This implies
that there is no nonnegativity constraint on profits, since the option of producing nothing
can still incur a cost.

We say that the observations are genericif Q; # Qp whenever t # t'. Let {(P;, Qy, I1;) her
be a generic set of observations. For each ¢, we define the set S(t) = {t' € T : Qv < Q:};
in other words, S(t) consists of those observations with output levels lower than ;. When
S(t) is nonempty, we denote s(t) = argmax, g Qv; that is, s(t) is the observation corre-
sponding to the highest output level below ();. For those observations ¢ with nonempty
S(t), we define AQ; = Q; — Qs) and AC; = Cy — Cypy. So, AC; is the extra cost incurred
by the monopoly when it increases its output from Q) to Q);. We denote the average
marginal cost over that output range by M; = AC;/AQ;.

The generic set of observations {(F;, Qy, I1;) }ie7 is said to satisfy the increasing cost
property (property C) if AC; > 0 whenever it is defined. It obeys the marginal property
(property M) if, whenever S(¢) is nonempty,

P.Qy — Cy < PQy— C; for t' € S(1). (1)

1 Note that while C'(0) may be zero or positive, (i) implies that C(g) > 0 if ¢ > 0.



We may re-arrange this inequality to obtain

Cy— Cy = > AC, < B(Qi—Qu) fort' € S(t). (2)
seSH\(S()U{t'})

The observer does not know the exact market price of the product at time ¢, should the

monopolist produce at QQy < @4, but he knows that it must be at least P;. If (); is optimal,

the cost saving in producing at @)y rather than (); must be dominated by the revenue

lost in producing at @y rather than @y; the latter does not exceed P(Q; — Qy), so we

obtain (2). In short, property M requires that the monopolist is not overproducing given

the data.

PROPOSITION 1. The generic set of observations {(Py, Q,11;) e is rationalizable only

if it obeys properties C and M.

Proof: If the set of observations is rationalizable, then for any ¢ in S(t), we have
Cy—Cy = fQ; C'(q)dg > 0, since C’(q) > 0, so property C holds. Suppose that there is
a violation of M. Then P,Qy — Cy > P,Q, — C for t' in S(t). But P(Qy) > P(Q;) = F;,
SO E(Qt/)Qt/ — Cy > P,Q; — C}, which means that the monopolist is better off producing
at Qy rather than at Q). Q.E.D.

The next result says that properties C and M are also sufficient for rationalizability.

THEOREM 1. Suppose the generic set of observations {(P;, Q¢, 11;) hier obeys C and M,
and let {ou}ier be a set of numbers satisfying 0 < ay < P,. Then the observations are

rationalizable and the cost function C : R, — R can be chosen such that C'(Q;) = ay for
allt e T.

Note that the last condition in Theorem 1 says that we are free to choose the marginal
cost at the optimal output level, subject to it being lower than the observed price. This
feature will turn out to be useful in the next section, when we examine rationalizability
in the Cournot model.

Since property M is a ‘one-sided’ condition - it requires that the monopoly is not
overproducing given the data - Theorem 1 effectively says that the data does not permit

the observer to check that the monopolist is not underproducing. The reason for this is



that the monopolist decision at observation t to produce ), but not more, can always be
justified on the grounds that the price will fall sharply should it produce more. (This will
be clearer with Lemmas 1 and 2 below.) The fact that the demand curve changes from
one observation to the next, and the fact only one observation is made at each demand
curve, means that such a possibility cannot be excluded.

Theorem 1 is an immediate consequence of the following two lemmas. Loosely speak-
ing, Lemma 1 provides us with the cost function needed to rationalize the set of obser-
vations, while Lemma 2 gives the demand functions corresponding to each observation
t.

LEMMA 1. Suppose the generic set of observations {(Py, Q¢, ;) }ier obeys C and M and
let {au}ier be a set of numbers satisfying 0 < ay < P,. Then, there is a reqular cost
function C' : Ry — R such that, for all t in T,
(i) C(Q:) = Ci, and C'(Qr) = au;
(ii) on a neighborhood of Q;, C' is twice differentiable and satisfies that C"(q) > 0; and
(#1) for all q in [0,Qy),

Pq— C(q) < PQ: — C(Qy). (3)

Proof: See Appendix.

Property (i) in Lemma 1 requires the cost function to obey the specified marginal cost
conditions and to agree with the cost data at the observed output levels. Property (ii)
requires the cost function to be strictly concave in some neighborhood of the observed
output levels. Finally, property (iii) is a strengthening of M: M requires (3) to hold at
discrete output levels, while (ii) requires it to hold at all output levels up to Q;.

The next result says that, for the cost function guaranteed by Lemma 1, we could find

a demand function for each ¢ such that the profit-maximizing output decision is Q.

LEMMA 2. Let {a;}ier be a set of numbers satisfying 0 < oy < P, and let C : R, — R be
a reqular cost function satisfying the three properties of Lemma 1. Then, for anyt € T,

there is a reqular inverse demand function P, : Ry — R such that
(Z) Pt(Qt) = Pt,' and

(i) argmax,»o[P(q)q — Cq)] = Q.



The proof of this lemma is in the Appendix, but the result is straightforward. The
lemma requires that we produce an inverse demand function. Property (iii) in Lemma 1
already provides us with one such function that obeys (i) and (ii) (in Lemma 2): simply
assume that P,(q) = P, for all ¢ < Q; and P,(¢) = 0 for ¢ > Q,. This function is non-
regular, but we can always construct a regular demand function that is arbitrarily close

to it.
3. COURNOT RATIONALIZABILITY WITH VARIABLE DEMAND

An industry consists of I firms producing a homogeneous good; we denote the set of
firms by Z = {1,2,...,1}. Consider an experiment in which 7" observations are made
of this industry. As in the previous section, we index the observations by ¢ in 7 =
{1,2,...,T}. For each t, the industry price P;, the output of each firm (Q;);cz and their
profits (IL;;);ez are observed. We require P, > 0 and @;; > 0 for all ¢ and ¢; the profit
observations II;; can take either positive and negative values. Note that the total cost
incurred by firm ¢ in producing @); ;, which we denote by C;, follows immediately from the
equation C;; = PQ;+ — II,;;. For simplicity of notation, we henceforth let Q; = > ez Qi
denote the aggregate output of the industry at observation ¢.

We say that the set of observations {[P;, (Q;+)iez, (ILi+)iez] et is Cournot rationaliz-
able if each observation can be explained as a Cournot equilibrium arising from a different
market demand function, keeping the cost function of each firm fixed across observations.
Formally, we require that there be a regular cost function C; : R, — R for each firm i
and a regular demand function P, : R, — R for each ¢, such that
(i) OZ(Qlt) = Ci,t and Pt(@t) = P; and
(ii) argmax, > 4 Pi(qi + Zj;ﬁi Qje) = Cila)] = Qig-

Condition (i) says that the inverse demand and cost functions must coincide with their
observed values at each t. Condition (ii) says that, at each observation ¢, firm i’s observed
output level );; maximizes its profit given the output of the other firms. It is clear that
these conditions imply that the observed profit I, = max,,>0[¢: P (¢ + > i Qi) — Ci(q:)].
Note that, as in the previous section, we allow for the existence of sunk costs, since we
do not require C;(0) = 0.

We say that the observations are generic if, for every firm ¢, we have );; # @Q); + when-

ever t #t'. Let {[P;, (Qit)iez, (ILit)icz] }ter be a generic set of observations. For each firm
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t, we may define S;;, s;4, AQi¢, AC;4, and M, ,, in a way analogous to our definitions in
the previous section. We say that the set of observations obey the increasing cost prop-
erty if, for each i, {( P, Qis, II; 1) }ter Obeys property C (in the sense previously defined).
Similarly, we say that it obeys the marginal property if, for each i, {(P;, Qi ILi+) ber
obeys property M.

It is clear, for exactly the same reasons as the ones given in the monopoly case, that
properties C and M are necessary for a set of observations to be Cournot rationalizable.
Specifically, C is needed to guarantee that each firm’s production cost is increasing in
output, and M is needed to guarantee that each firm is not strictly better off by producing
less than the observed output. The next result says that these conditions are also sufficient

for Cournot rationalizability.

THEOREM 2. Suppose that the generic set of observations {[Py, (Qit)icz, (Uit)iez] et

obeys properties C and M. Then the set is Cournot rationalizable.

Just as Theorem 1 follows from Lemmas 1 and 2, we can prove Theorem 2 with a
similar two-step procedure. Note that, at observation ¢, if firm ¢ is indeed playing its best

response for demand function P, and cost function Cj;, then the first order condition

pt/(Qt)Qi,t + P = CY;(Qi,t) (4)
must be satisfied. It follows that
pgy - P OH@u) _ P=GiQu) P CilQu), 5
Ql,t Qz,t Ql,t

This motivates the condition imposed on the cost functions in the next result, which is

loosely analogous to Lemma 1.

LEMMA 3. Let {[P;, (Qir)icz, (IL;1)icz] }ter be a generic set of observations obeying C and

M and suppose that the positive numbers {ai,t}(iﬁt)gxy satisfy

P — oy P —ay, P —ap, .
= = C = .. =——"">0 forallt inT. 6
O s o ©)

Then, there are reqular cost functions C; : R, — R such that

(Z) Cz(ta) = Cz’,t and C’{(ta) = Oty




(ii) on a neighborhood of Q;y, C; is twice differentiable and satisfies that C!(q) > 0; and
(111) for all q; in [0, Q;+),

Pyg; — Ci(Qi) < PQiy — éi(Qi,t)- (7)

Proof: See Appendix.

It is important to notice that for any P, and {Q;:}ier there always exist positive
numbers {«;; }ie7 such that equation (6) holds. Suppose that firm & produces more than
any other firm at observation ¢, i.e., Qr; > @, for all 7 in I. Let oy, be any positive
number smaller than P, and define 5 = (P, — ag+)/Qrt. Then,

aip =P —0Qir > P, — BQrt = agy > 0.

The next result is analogous to Lemma 2. It is clear that this result together with

Lemma 3 proves Theorem 2.

LEMMA 4. Let {a;:}unezxt be a set of positive numbers satisfying equation (6) and
suppose that the cost functions C; : R, — R satisfy the properties in Lemma 3. Then,
there are reqular demand functions P, : R, — R such that, for every firm 1,
argmaxq,-zo[%ﬁ)t(% + Z Qjt) — Ci(q)] = Qi
J#

Like Theorem 1, Theorem 2 has the feature that it only checks that each firm in
the Cournot oligopoly is not overproducing - in this setting, the data cannot effectively
test there is no underproduction. Properties C and M are sufficiently weak that there
are other reasonable scenarios of firm interaction under which they will also be satisfied.
In particular, these properties hold if the firms are colluding to maximize total profits,
which means that their collusion will never generate any evidence that is contrary to the
Cournot model.

To state this claim formally, we define a dataset {[P;, (Q;+)iez, (ILi t)iez] }rer as being
consistent with collusion if there is a regular cost function C; : R, — R for each firm i
and a regular demand function P; : R, — R for each t, such that
(i) C’z(ta) = Ci,t and Pt(Qt) = P; and
(ii) argmaxy, . ;>0 [Dier P(Xier 6i6) — 2iez Cilar)] = (Qit)ier-

Condition (i) requires that the cost and inverse demand functions agree with the data

while (ii) says that the observed output across firms must maximize total profit.
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COROLLARY 1. The dataset {[P;, (Qit)iez, (ILit)iez] }reT is consistent with collusion only
if it obeys C and M.

Proof: As usual, C is needed for the cost function of each firm to be strictly increasing.

Suppose that M is violated, so for some firm 7', observation ¢, and t’ € S;y(t),
PQiy —Cyy > PQiy— Ciy =1y

By definition, Qy » < Qi ¢, 50 Po(Qyr ¢ + Z#i, Qj) > P,. This implies that

B, (Qi’,t’ + Z Qj,t) Qi — Ci(Quy) > iy, (8)
JF#e

S,
whereas for every i # ¢/,

P, (Qi’,t’ + Z Qj,t) Qir — Ci(Qir) > Iy (9)
e

In other words, both i’ and all other firms are strictly better off if i’ reduces its output

(with the other firms benefitting from the higher market price). Clearly, the output vector

(Qit)ier does not maximize total industry profit at ¢, so collusion is excluded.  Q.E.D.
Theorem 2 says that, in a variable demand environment, there are observable restric-

tions to the Cournot model, albeit rather weak restrictions. We now consider the same

problem, but assume that the profits earned - and thus the costs incurred - by each firm

are not known. Formally, the data set reduces to {(P;, (Qit)iez) }ter. This data set is said

to be generic if Q; v # Qi whenever t # t'; it is Cournot rationalizable if we can find a

regular demand function, P, for each observation ¢, and a regular cost function, C;, for

each firm i, such that

(i) E(Zig Qi,t) = F;; and

(i) argmax; - [q@'pt(%' + Zj;ﬁz‘ Qjt) — Ci(Qi)] = Qi

In words, the tth observation, (P, (Qi+)icr), is the Cournot outcome when each firm ¢ has

cost function C; and the market inverse demand function is P,. The following result says

that Cournot competition imposes no restriction on the observations {(P;, (Qi¢)iez) }teT-

COROLLARY 2. Any generic set of observations {(Ps, (Qit)iez) }teT, is Cournot rational-

1zable.

11



Proof: By Theorem 2, it suffices that we find an array of individual costs, {C;.} ez,
that, when added to the observed data, gives a set of observations that obeys C and M.
To see that this is possible, let j;; = ming.gw2o{P(Qitr — Qisir))}- Since p; > 0, we can
pick {C;her satistying C' and with 0 < C;; < p; for every t. Whenever Q; v < Q;+,

Cit + PQip — Qi) < Cip + Pi(Qisit) — Qi) < Cip — p1; <0< Cip

so {C+ et also obeys M. Q.E.D.

Corollary 2 holds because, in a sense, we are free to choose the cost functions. If we
restrict these functions then there will be restrictions on { (P, (Qi)iez) }ter- For example,
it is easy to show that at any Cournot equilibrium, firms’ market shares vary inversely
with their marginal costs. This means that if firms have constant marginal costs (i.e.,
constant across each firm’s output level), then the ranking of firms by market shares will
not vary across observations, even as demand fluctuates. Clearly, this is restriction on the

data set.
4. RATIONALIZABILITY FOR A MONOPOLY WITH COST PERTURBATIONS

We return once again to the rationalizability problem for a monopoly. Unlike Section
2, we now consider a setting where the demand function is stable across observations, but
there are observed perturbations to the monopolist’s cost function. These perturbations
take the form of a change in marginal cost that is constant at all output levels. For exam-
ple, a unit tax imposed on the monopolist’s output that is different at each observation
will constitute such a perturbation.

An observation (at t) consists of the price charged by the monopolist P, its output
@, and the change in marginal cost 6;. We assume that P, and @); are strictly positive;
without loss of generality, we also assume that 6, > 0.2 Furthermore, we require that
P, > 0, (otherwise, the firm will not choose to produce anything) and also that P, > Py
whenever (; < Qy (so the monopolist faces a downward sloping demand curve).

We say that the data set {(P, Q¢ 0¢) hier is generic if Qi # Q;p whenever t # t'.

This data set is rationalizable if it is consistent with the behavior of a profit-maximizing

2The lowest value of #; (amongst all the observations) can always be normalized at zero.
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monopolist. Formally, we require a C! function P : R, — R and a C' function C' : R, —
R such that

(i) C(g) = 0 and C'(q) > 0;

(ii) P(q) > 0 and P'(q) < 0, with the latter inequality being strict when P(q) > 0;

(iii) P(Q;) = P; and

(iv) argmaxqzo[qp(q) —C(q) — biq] = Qv

Note that P should be interpreted as the inverse demand function faced by the monopolist,
while the cost function of the monopolist at observation ¢ is C;, with Ci(q) = C(q) + 6yq.
This cost function has two parts: a permanent component C' which does not change across
observations and a perturbation 6;.

We wish to identify the restrictions that a rationalizable data set { P;, (Q¢, ;) }te7 must
obey. Before we consider that, it is useful to introduce some notation. Recall that s(t)
refers to that observation whose output is just below ();. We denote the cost of increasing
output from Qs to Q; by ¢, ie., ¢t = C(Q:) — C(Qs)). (So this is the increase in the
permanent component of the cost; it excludes the perturbation #;.) Abusing notation
somewhat, we denote the set {s: Qp < Qs < @Q;} by (¢,t]. Therefore, Zse(t,ﬂ ¢, 1is the
cost of increasing output from Q) to Qy, i.e., Zse(t’,t] cs = C(Qr) — C(Qy).

Consider two observations with Qy < ;. At observation ¢, the firm’s added revenue
from increasing production from @y to @y (net of the marginal cost 6;) must exceed the

added permanent cost of this increase in output. In other words,
PQ;— PuQu —0:(Q — Qv) > > c.. (10)
se(t! ]

On the other hand, at observation t’, the firm’s added revenue from increasing production

from @y to @), must be exceeded by the cost of such an increase. This means that

PQi — PyQy — 0y(Qr — Qu) < Z Cs- (11)
se(t,t]
The next result says that restrictions of the type (10) and (11) are not just necessary

for rationalizability - they are also sufficient.

THEOREM 3. The generic data set {P;, Q,0;}ier is rationalizable if and only if there
are numbers ¢, > 0 (for t € T) that obey all inequalities of the type (10) and (11).

13



In the case where the data set is rationalizable, the function C can be chosen such that

C(Qr) — C(Qs) = -

Therefore, just as in Afriat’s Theorem, determining rationalizability in this context is
equivalent to finding a solution to a set of linear inequalities. These linear inequalities
take a simple form. For example, suppose that ' = 4 and (to keep the notation simple)
assume that @ < Q2 < Q3 < Q4. Then the conditions (10) and (11) require that there

be positive numbers ¢y, ¢3 and ¢4 that satisfy the inequalities
a' <y <Al a?<ceg< A% P << AP
At <egte3 <At AP <zt < A

CL6<CQ+C3+C4<A6,

where the upper and lower bounds (A™ and a™) are numbers given by the left side of (10)
and (11) respectively. This pattern of inequalities is maintained whatever the number of
observations. A simple calculation shows that for a data set with 71" observations, one is
required to find positive constants ¢y, cs,..., cr that satisfy T(T — 1) linear inequalities.

Theorem 4 gives a simple, easily implementable, way of checking rationalizability, but
the conditions may seem a little opaque. There is an alternative - and very intuitive -
characterization of rationalizability that we shall now describe.

Consider the observations as occurring in 7" different states of the world, with ¢ occur-
ring with some strictly positive probability m;. A strategy a = (a;)ter for the monopolist
specifies an action a; for each realized value of ¢; an action is a lottery over the set
{Q; :t € T}. A lottery that, at state ¢, specifies Q)5 with probability p, has the expected
revenue (conditional on state t) of > - ps(Ps — 6¢)Qs; we denote this by R(a¢). We
denote the ex ante distribution over {Q; : t € 7 } induced by m = (m; )7 and the strategy
a by D(rm,a).

We may interpret the data set {P;, Q, 6, }ie7 as revealing that the monopolist has
chosen the strategy Q = {Q;}er. We say that the strategy Q is irrational in expectation
at m if there is an alternative strategy a such that
(1) D rer mB(ae) > 32 cq mR(Qr) and
(i) D(m, Q) first order stochastically dominates D(,a).
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Note that (ii) implies that the ex ante average cost of strategy a is lower than that of Q,
for any increasing cost function. Therefore, (i) and (ii) imply that the ex ante average
profit of Q must be lower than a, which means that Q cannot be ex post optimal (i.e.,
with @Q; optimal at every state ¢t € 7) for any cost function. We conclude that if there
is some 7 at which Q is irrational in expectation, then the data set {P;, Qy, 0; }1e7 is not

rationalizable. The next result says that the converse is also true.

THEOREM 4. The data set { Py, Qy, 0} e is rationalizable if and only if there does not

exist w for which the strategy Q = (Q¢)ieT is irrational in expectation.

The proof of this result uses Farkas’” Lemma and can be found in in the Appendix.
That it uses Farkas’ Lemma should not be surprising; indeed this result has the flavor of
the no-arbitrage theorem: loosely speaking, rationalizability is analogous to the existence
of positive state prices for a set of asset prices, and the absence of 7 at which Q is irrational

in expectation is analogous to the absence of arbitrage.
5. COURNOT RATIONALIZABILITY WITH COST PERTURBATIONS

Consider an industry with [ firms, where industry demand (for the homogeneous
good) is stable across observations. At each observation, there is a perturbation to the
cost function of each firm that is observable. The observation ¢ consists of the price P,
the output of each firm, @;;, and the perturbation in marginal cost experienced by each
firm, 60,;. We make assumptions analogous to those made in the previous section: P, and
Q: are strictly positive, 0, is nonnegative, P, > 0;,, and P, > Py whenever @); < Q.

The data set {P;, (Qit)iez, (0it)ict her 1s said to be generic if Q;+ # ;v whenever
t #t'. It is Cournot rationalizable if there is a C' function P : R, — R and a C! function
C; : R, — R for each firm i in I, such that
) Ci(g) > 0 and Ci(q) > 0
i) P(q) > 0 and P'(¢q) <0, with the latter inequality being strict when P(q) > 0;

i) P(Q:) = Py; and
iv) argmax, »olg: P(g + D5 Qie) — (Ci@) + 0i4a:)] = Qi
These conditions say that {Q;.}iez can be thought of as the Cournot equilibrium at

(i
(i
(ii
(

observation ¢, where P is interpreted as the inverse demand function and the cost function
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of firm 4 at observation ¢ is C;;, with C;;(q) = C;(q) + 0;.+q, with C; being the permanent
component of firm ¢’s cost function.

We wish to consider the restrictions that a Cournot rationalizable data set { Py, (Q;+)iez, (0it)iez bteT
must obey. This analysis is more complicated (and certainly heavier in notation) than
the case for a monopolist considered in the previous section but it is not fundamentally
different. The basic idea is to make use of the information on demand conditions drawn
from the entire data set to impose restrictions on firm ¢’s residual demand curve at a typ-
ical observation t. To be specific, let th/ be the output level with which at observation
t, firm ¢ induces the aggregate output observed at t’, namely Qi,at/ =Qv—>. i Qj+. The
set {Qi+v, Py }rer consists of points on firm i’s residual demand curve at observation t.
The information provided by these points allows us to impose four types of restrictions
on the data set which.

(i) Consider firstly the case where Qi,mt/ < @i Since the output Qi,t,t’ was not chosen,
the added revenue in increasing production to ();; must have exceeded the added cost.
This implies that

PQiy — Pt/@i,t,t/ = 0:4(Qi — Qi,t,t/) > Z Ci,s) (12)
s€8,4(it,t")
where
Sd(i, t,t)={seT: m;n{inS’ F Qi > Qi,t,t'} < Qis < Qig}
The left of (12) gives the added revenue (net of the marginal cost 6;;) from increasing
production from @Q;;y to ();;. This is greater than the (permanent) cost of increasing
production from ;;, to @Q;;, which in turn is bounded below by the expression on the
right of (12).2
(ii) When Qm,t/ > i+, the output Qm,t/ was not chosen because the added revenue of
this increases production is dominated by the increase in cost. This implies that
Pt’@i,t,t’ — PQir — Qz‘,t(@z‘,t,t' —Qiy) < Z Ci,s (13)
s€8u(irtt!)
where

Su(za tat/) = {5 € T: Qi,t < Qi,s S min{Qi,s’ . Qi,s’ Z Qi,t,t/}}-

3We are adapting the notation of the previous section in the obvious way, so Cip = C(Qir)— C(Qs 1),

where @, (1) is an observed output level just below Q;.
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Note that the right side of (13) is an upper bound on the cost of increasing output from
Qir to Qipy.

(iti) Define T'(i,t, 1) = argmin {Q; s : Qivs > Q;7}. Consider t such that Qi < Qip
since ();; was chosen over @);; at observation ¢, the increase in revenue from increasing

production from @, ; to @Q;; must exceed the increase in cost. This implies that

PiQir — PT(i,t,i)Qi,i — PQis — ei,t(Qi,t - ta) > Z Ci,s) (14)

5€84(i,t,t)
where
Sa(i,t,t)={seT: HED{QLS’ CQiy > Qi) < Qis < Qi

The left of (14) is is an upper bound of the increased revenue from raising production to
Qi from @, ; since the price at output @), ; exceeds Pr(;, 7. This value is greater than the
cost of raising output from @, ; to Q;;, which is the expression on the right of (14).

(iv) Lastly, consider ¢ such that Q;; > Qi; given that @Q;, was chosen over Q,; at
observation ¢, the increase in revenue from increasing production from Q;; to @);; must

be less than the increase in cost. This implies that

Priyiy@ii — PQis — 000(Qi; — Qi) < > cis, (15)

SESy (i,t,t)
where
Su(iyt, i) ={seT: Hi;n{Qi,S, PQiy > Qi) < Qis < Qi)
Note that the left of this inequality is an lower bound of the increased revenue from raising
production to @, ; from @;; since the price at output @), ; exceeds Pr; , ;.
The next result says that the restrictions (12) to (15) are not just necessary for a data
set to be Cournot rationalizable - they are also sufficient. The proof of the sufficiency of
these conditions is found in the Appendix. Note that as in Theorem 4, the conditions

take the form of a set of linear inequalities.

THEOREM 5. The generic data set { Py, (Qit)icz, (0it)iez frer is Cournot rationalizable if
and only if for each firm i, there are numbers c;; > 0 (fort € T ) that obey the inequalities
(12) to (15). In the case where the data set is rationalizable, the function C; can be chosen
such that Ci(Qiz) — C(Qs,1)) = Cix-
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