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Abstract

This paper characterizes the frequency domain properties of feedback control rules mn
linear systems in order to better understand how different rules affect outcomes frequency
by frequency. We are especially concerned in understanding how reductions of variance at
some frequencies induce increases n variance at others. Tradeoffs of this type are known
i the control literature as design limits. Design limits are important in understanding the
full range of effects of stabilization policies. We extend existing results to account for
discrete time bivariate systems with rational expectations. Application i1s made to the
evaluation of monetary policy rules.
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1. Introduction

This paper explores a set of constraints on the effects of control policies on
fluctuations from the perspective of the frequency domain. Aspects of these constraints
were Initially discussed in Brock and Durlauf (2004,2005) but otherwise do not appear to
have been previously explored in economics contexts. The constraints we study represent
fundamental limits on the effects of alternative policies in the sense that they describe how
frequency-specific tradeoffs in volatility generically apply to linear feedback rules.

The sorts of constraints we explore may be illustrated in the following example.

Suppose one 1s considering how different controls affect the variance of a state variable z,.

Underlying the statistic V&I’(!Et |C’), the varlance of the process given a control, 1s the
spectral density of x given the rule, j; ‘C (w), because the variance is the integral of the

spectral density, 1.e.

Var(xt‘C'):j:j;‘c (w)dw. (1)

In fact, the spectral representation of the variance of the state means one can understand
the sum of the variances from random and orthogonal sine and cosines of different

frequencies. By implication, calculations of the effects of a rule on the overall variance
mask the effects on fluctuations at the different frequencies in [—m,7]. Further, eq. (1)

hints at the 1dea that a rule that minimizes the overall variance may exacerbate fluctuations
at certain frequencies. A major goal of this paper i1s to determine under what
circumstances this must happen and what forms such fundamental tradeoffs take. In the
control literature, these tradeoffs are known as design limuits.

Design limits are a well established area of study in control theory." An important
class of results of this type are sometimes known as Bode integral constraints, after

Hendrik Bode who first proposed them in the 1930’s. The great bulk of the work in

'‘Our description of linear systems owes much to the formulation in Kwakernaak and Sivan
(1972), especially chapter 6.



control theory focuses on single-input, single-output (SISO) systems. One methodological
contribution of this paper 1s that we derive frequency tradeoffs for multiple-input multiple-
output (MIMO) systems. While there does exist a set of disparate results in the control
literature on frequency tradeoffs for multivariate systems, this work has largely been done
for continuous time systems.” Some of our discrete time results for backwards-looking
systems appear to be new, although they naturally follow from existing results. A second
methodological contribution 1s that we study these tradeoffs when expectations of future
state variables affect current values; a property that, while of course natural for economic
models, does not arise in engineering contexts. A third contribution of our analysis 1s that
we consider SIMO (single-input, multiple-output) systems as well as MIMO ones. We
defer consideration of systems with arbitrary dimensions to future work, noting here that
the 2 x 2 cases we study capture a range of important contexts, most notably the evaluation
of macroeconomic stabilization policy.

Why should frequency-specific tradeoffs be of mterest to a policymaker? One
reaction to the recognition that policymakers face frequency-by-frequency constraints might
be that these constraints are irrelevant if the objective of a policymaker 1s to minimize the
overall variance of some combination of states and controls of the system; such loss
functions are standard in the literature on evaluating monetary policy rules. We argue that
our results are of interest for several reasons. First, there i1s no principled reason why
policymaker loss functions should only depend on the overall variances of variables of
mterest, and in fact time-nonseparable preferences for policymakers can lead to the
assignment of different loss function weights for across frequency-specific fluctuations.
Examples of this property are found in Otrok (2001) and Otrok, Ravikumar, and
Whiteman (2002). Second, differences in the approximation value of a given model to
fluctuations at different frequencies may lead to a focus on higher versus lower frequency
fluctuations using a model to assess policies; this type of reasoning 1s developed in Onatski
and Williams (2003). Third, there are classes of problems for which the frequency
restrictions matter, even 1if loss functions only depend on unconditional variances.

Specifically, evaluating the robustness of policy rules in the face of model uncertainty may

’See Seron, Braslavsky, and Goodwin (1997), and Skogestad and Postlethwaite (1996)
for surveys. Examples of discrete time analyses include Chen and Nett (1993,1995).



be facilitated using the constraints we describe; an mitial example of such an analysis 1s
Brock and Durlauf (2005).

In our judgment, the most important contribution of this paper 1s its introduction of
the 1dea that macroeconomic stabilization policies mvolve tradeoffs that are hidden when a
policy 1s evaluated by calculation of its affects on variance. In this sense, when a policy
maker chooses a control it must face (for backwards-looking models) the evitable result
that the controlled system will exhibit frequency bands that are robust in the sense that
shocks to the system at those frequency bands will be moderated while simultaneously
there will always be frequency bands that are fragile in the sense that shocks at those
frequency bands will be magnified, not moderated’. This kind of result is sometimes also
called a “conservation law” or “waterbed” result in the engineering literature. Indeed we
will exhibit various conservation laws and waterbed results and illustrate their consequences
for a set of two sector macroeconomic models of inflation and the output gap that are
commonly used n the macroeconomics literature.

The use of frequency domain methods 1s not original per se, of course. One classic
example 1s Hansen and Sargent (1980,1981) use of z —transform methods to translate time
domain expectations into the frequency domain and thereby solve for testable restrictions
of rational expectations models. Another important contribution is Bowden’s (1977) and
Whiteman’s (1985,1986) work on spectral utility and the frequency domain analysis of the
effects of policies; Whiteman’s work 1s close in spirit to ours, although it does not address
the 1ssue of frequency-specific tradeoffs. More recently, frequency methods are proven
mmportant in the development of robustness, cf. Sargent (1999), Hansen and Sargent (2007,
Chapter 8)). That being said, frequency domain approaches continue to be far less
popular than time domain methods for analyzing macroeconomic dynamics. We believe
the methods developed here complement these other papers m demonstrating that
frequency domain approaches have an important role in understanding stabilization policy.
While, in principle, one can always translate results from the frequency domain to the time

domain and vice versa, the results we exploit are an example in which working in the

The notion that a system may be “robust yet fragile” appears in the control literature,
notably in writings of John C. Doyle, e.g. Doyle and Carlson (2000).



frequency domain 1s relatively straightforward whereas it would appear that the same
analysis in the time domain may well be intractable.'

Section 2 provides an analysis of four classes of models: backwards-looking MIMO
(multiple mmput, multiple output) systems and hybrid backwards- and forward-looking
MIMO systems. We characterize Bode mtegral-type results for each type of model.
Section 3 moves beyond Bode integral constraints to a broader consideration of how
design limit occur in MIMO and SIMO systems. Section 4 provides a numerical example.
Section 5 applies our methods to the evaluation of Taylor rules. Section 6 contains
summary and conclusions. Appendices follow which contains proofs of various claims

made 1n the text.

2. Design limits in multivariate systems

1. backwards-looking models

We first consider a backwards-looking system, 1.e. one where expectations do not

directly enter into the law of motion for the states. Letting, z, denote a 2 x1 vector of
states, u, a 2x1 vector of controls, and €, a 2x1 vector of unobservables that is second-

order stationary across time, the canonical law of motion for a backwards looking system 1s

ont = A(L)It—l + B<L)ut +&. @)

In general, the matrix A, possesses off diagonal elements because of contemporary

mterdependences between the states; without loss of generality, we write the matrix as

*For example, the Bode integral constraint, which we exploit in the subsequent analysis,
has an extremely convoluted time domain representation for a SISO system, cf. Iglesias
(2001) equation 3.2 and surrounding discussion.



The moving average representation of ¢, 1is

e, =W(L)w,.

3)

We assume that each element of W (L) may be written as the ratio of two finite

dimensional polynomials,’ i.e.

w, EL; w, o, EL;
S P I
W, (L) W,y (L)

(4)

We do not require the moving average representation to be fundamental. The reason for

this 1s that our interpretation of the backwards-looking model 1s that it 1s a structural

description of a system.’

Our analysis focuses on linear feedback rules of the form

Fach choice of this polynomial produces a law of motion for the state vector

Az, = A(L)It—l + B<L)U<L>$t—1 t&.

with an associated moving average representation

>This assumption means that &, possesses a rational spectral density matrix. See Hansen
and Sargent (1983) and Ito and Quah (1989) for examples of how rational spectral

densities have been used to facilitate time series analyses.

®See Fernandez-Villaverde, Rubio-Ramirez, Sargent and Watson (2007) for a
comprehensive analysis of the relationship between unrestricted vector autoregressions

and structural models, in which invertibility of analogs to W (L) plays a key role.



2, = (A — (A(L) + B(L)U (L)L) W (L)w,. (7)

We will work with the z —transform of the moving average coefticients of this system

Associated with D¢ (z) 1S

fo(2)=5- D" (2)5,0° (3)

!/
’

where X 1s the variance covariance matrix of w:. Note that for any matrix function N (z) ,

/ .
N(z) 1s Its conjugate transpose. If z = e, then fx\c (z) = fa\c (u}) 1s a spectral density.

The superscript C'1s used because of the dependence of the moving average representation

on the choice of control. Fach choice of the polynomial U (L) will produce a different

spectral density matrix for the state variable vector. Our objective 1s to describe these
limits.

Before we continue we need to discuss technical issues of existence of the
mathematical objects under scrutiny. First all the design limit expressions we discuss are
mtegrals of the logarithm of the modulus of a finite degree polynomial over the unit circle
i the complex plane. Sufficient conditions for the existence of these integrals are
extremely modest. We do not need the existence of spectral density matrices in order to
ensure existence of these integrals. Second, in order for a spectral density matrix to exist it
1s necessary require that the state variables under scrutiny are jointly weakly stationary.

Assume det(AD)iO. Following Priestley (1982, p. 798, eq. (10.4.51)), given our

assumption that €, is second order stationary, existence of a spectral density for the no



control case requires that det (I — A 1A(z) z) has no zeroes mside or on the unit circle in

the complex plane. The requirement for the control case 1s that
det ([ —A[;1 (A(z) + B(z)U (z))z) has no zeroes mside or on the unit circle in the
complex plane. We shall always choose controls so this latter requirement holds.

One way to understand the effects of a control role is via by considering the way

that fX‘ o (z) depends on the z —transform of the feedback rule, U (z) . The feasible set of

control rules determines the feasible set of moving average coefficients i the controlled

system. Our goal 1s to use the feasible set for f

¥ (z) and understand the opportunity set

faced by a policymaker.

. . B . C .
In the case of restrictions on the moving average polynomial D (z) , we will need

to focus on the properties of W (z) , specifically

T (1 — wfz)
det(W(z)) = @Zi— (10)
-0

where w,,, 1s the degree of the polynomial

0, (L), (L) 0,10 (E) 100 (L) = 0, (L), (L) 0, () 0,0 (L)

w, 1s the degree of the polynomial

W (£) 0y (£) 0310 (L) 0101 ()



and w 1s the ratio of the zero degree coeflicients on the two polynomials. Since €, 1s
second-order stationary, the roots p; all lie inside the unit circle. However, the roots w;,

may lie outside the unit circle as we have not assumed the shocks are fundamental.

Our first result characterizes the feasible values of D (z)

Theorem 1. Design limits on the MA polynomial in a backwards looking MIMO model

For the system described by eq. (2), if the control rule produces stable state variables, the

Fourier transform of the associated controlled system matrix of moving average

coefficients, D¢ (z) , must fulfill

dw = K (11)

w,B

" togljaer 0 e~ f

where

K,, = 4r|log@ —logla| + Y loglu, ||, i € {u} if fuw|>1, a = det(4,). (2)
Pf. See Appendix 1.

The 1dea that any set of moving average coefhicients must fulfill an integral equation of the
form described by (11) and (12) 1s a key 1dea in the study of design limits as 1t means that
the feasible representations of the state vector are identified by the set of moving average
representations defined by the mtegral constraint.

The policy implications of restrictions on possible moving average representations
for a controlled system may be elucidated by comparing the properties of the law of
motion for the state vector when a control is present with the law of motion when there 1s

no control, 1.e. u, = 0 V¢. The uncontrolled system is therefore



Az, =A(L)z, | +¢,. (13)

In parallel to the controlled system case, define (assuming the system (13) 1s stable)

DY () = (4, — A(2)2) "W () (1

and

/

Z|

o) = %D”C (=)=, 0 (=) . (15)

We relate . (z) to f ve (z) below. Notice that while one would typically expect a

policymaker to choose a control rule that ensures that the state vector x 1s stable, 1t 1s

possible that the uncontrolled system is not. Hence it may not be the case that D¢ (z)

exists.  Our analysis will cover the case where the no control system 1is unstable, but for

mtuition we assume stability for the moment.

A stabilization policy may be mterpreted as the transformation of fx e (z) mto

/

Z

c (z) To understand this transformation, we follow the control theory literature and

define a sensitivity matrix .S (z) via the way in which the control transforms D¢ (z) mto

D (z), ie.
§(z)= D ()" (=) . (16)

it D¢ (z) exists, which in turn means that

IREETEPETE) @



This formulation makes clear why, in the control literature, the sensitivity function is said to

shape the behavior of the state vector.

As each D° (z) corresponds to some S (z) , one can think of the choice of control
as the choice of a sensitivity function; any constraints on D° (z) i turn may be translated

into constraints on S (z) If one considers (16), 1t 1s evident the constraints on the

sensitivity function can be derived if it 1s the case that

log [‘det S )

’ ]Jw - log [‘det DN¢ (eﬂ“>

o —
] o (18)
:T log [‘det D° (67“)

"

If (18) holds, then one can simply apply Theorem 1 to the terms

w and deduce constraints on

:r log [‘det DC( )

2
dw and log [‘det DNC( )

S (z) . The difficulty in doing this, as noted above, is that D¢ (z) may not exist because

the no control system may be unstable. In fact, (18) holds even if the no control case is
unstable, given the following argument, which is similar to that used in Wu and Jonckheere

(1992, pg. 1801). Recall that by the fundamental theorem of algebra we may write

det ([ — AUAA (z) z) = H (1 — )\ich> (19)

i

and

det(1 = A4, (A(z) + B(2)U (=) 2) = T (1 - X2 (20)

i

10



Wu and Jonckheere refer to )\iNc and )\Z.C as open-loop and closed-loop poles respectively.

We will exploit the fact that the log of the moduli of both H (1 — )\;VC,Z)H (1 — )\Z,chfl)

K3

and H(l — )‘ZCZ)H (1 — )\icz_l) are integrable on the unit circle. Next, observe that it 1s

3

always the case that

log

det(Ao (1= 4 (A(z)+ B(z)u (Z))z)) 1] = on
det(Ao (1= 4" (A(z)+ B(z)v (Z)>z))]

since there 1s no issue of existence for A(Z) + B(z)U (z), as the controlled system 1s

— [log

stable. In order to handle the no control system in the presence of instability, one simply

delines

N f log U det D' () olet(A0 (I — A4 (e))e) 2] (29)

o=

following Wu and Jonckheere (1992, page 1801). The RHS of (22) expression 1s well

defined even though some of the open-loop poles {)\kN “Y lie outside the unit disk in the

complex plane; see lemma 5 of Wu and Jonckheere. We will use this convention

throughout.
The values of the two terms in the second line of (18) are characterized by

Theorem 1. Recalling that the eigenvalues of the characteristic polynomial of the

uncontrolled system are denoted )\iNc , 1t follows that

2

f; log [‘det DN (eii‘“)

do = K, , — 47y log ]\

i {u}if N >1. @)

11



As observed above, this integral exists even 1f a root of the polynomial det(DNC (z)) lies

on the unit circle. Following Wu and Jonckheere (1992, p. 1801), all that is needed for

existence of the LHS of (19) and the validity of their formula which was used to derive (19)

1s that the integral of the modulus of det (DNC (z)) on the unit circle i1s well defined with a

finite value. The combiation of (18) and (23) immediately provides Theorem 2.

Theorem 2. Design limits on the sensitivity matrix for a backwards looking MIMO model

For the system described by eq. (2), the associated sensitivity matrix S <6_“) must fulfill

f:r log(‘detS(e‘i”)

2
)dw ~K,, 24)

where

K, =47y log\| i€ fu} it A > 1. (25)

This expression has several properties of interest.

First, K, = 0 whenever the unconstrained system 1s stable. This means that for a
large class of models, the constraint on the sensitivity function 1s i1dentical to the constraint
on the uncontrolled system. More generally, different models may be sorted into
equivalence classes with respect to K, as its value is entirely determined by the unstable
roots in the A(L) polynomial. Notice as well that the value of the constraint does not
depend on the control rule nor does it depend on W (L), i.e. the (second-order) time
series structure of ¢, .

Second, taken together, the facts that a nonzero constraint only occur when the
uncontrolled system 1s unstable and that the magnitudes and number of the unstable roots

determine the value of the constraint, indicate that the use of a control to eliminate

12



unstable roots in a system does have a cost in terms of the ability of the policymaker to
stabilize fluctuations after these roots have been eliminated. This provides a new
perspective on the i1dea that trends and cycles do not represent independent aspects of
stabilization policy.

Third, policymakers inevitably must trade off variance at different frequencies.

Since|)\i| > 1, it 1s immediate from (25) that K, > 0. This implies, given (24), that 1t 1s

mmpossible for ‘detS (67“]) <1 Vw € [—m,7| and therefore it is impossible to reduce the

variance contributions at all frequencies when one moves from the uncontrolled system to

2 ~
> 1 for some

a controlled one. Further, the mtegral constraint implies that ‘detS (eii”)

2 .
< 1 for another. In order to reduce the variance

interval of frequencies 1if ‘det S (e*“)

contributions of one mterval of frequencies, 1t i1s necessary to increase the variance
contributions of some other mterval. This tradeoff 1s fundamental as it cannot be avoided
by the choice of control. By implication, mimimizing a linear combination of the variances

of the elements of z, will involve trading off frequency specific variance contributions. In

other words, variance minimization implies that, even though overall variance 1s reduced
when one integrates across frequencies, for some frequencies, a control that is optimal in
this sense leads to greater variance.

Fourth, the 1ssue of whether the shocks are or are not fundamental 1s irrelevant to
the constraints on the sensitivity function. The reason for this is that the sensitivity function
compares the effects of control to no control in such a way that this part of the constraint in
Theorem 1 cancels out.

Theorems 1 and 2 are examples of the conservation laws of fragility or waterbed
effects that we mentioned in the introduction. As we have discussed, these types of
tradeoffs have been studied in the control theory literature. The control theory literature
naturally does not consider how expectations affect current state variables. We next
consider how to understand design limits for forward-looking (e.g. hybrid) models. As we

will show, these are very different from those that exist for the backwards-looking case.

ii. hybrid systems

13



How does the introduction of forward-looking elements affect design limits? To

understand these effects, we consider
ont = ﬁEtxH—l + A(L) T+ B<L) U, + €. (26)

This system 1s identical to (2) except for the addition of the forward-looking term BE,z, .

Expectations are assumed to be rational. We are mterested in characterizing the

equilibrium moving average representation of the state vector given a control,

where w, are fundamental mnovations. It i1s convenient to work with innovations that are
contemporaneously uncorrelated. let v, = Vw, denote any orthogonalization of the

fundamental errors. Then,

3, = FO(L)V 'y, = G° (L)v, = g (L) (L)

t , g; (L) 9202 (L) v, . (28)

None of our results depend on the choice of orthogonalization.

As 1s well known, systems with forward-looking elements can exhibit multiple
solutions as well as fail to have any solution at all. We will assume existence and
uniqueness of solutions m our analysis since we have nothing to contribute to that well-
studied subject; Appendix 2 discusses a set of sufficient conditions for existence and
uniqueness of solutions.

The rational expectations assumption of course places structure on the mdividual
9, (L) elements. For our purposes, what matters 1s that each 9, (L) may be written as a
ratio of finite polynomials with common denominator up to the denominator polynomials

of V'W (L) denoted by v, i (z) , that are exogenous and do not depend on the control

14



applied to the system; see the Appendix 1 for a proof that the z —transform of G (L) mn

(28) may be written as

95,11 (z) gf-,l? <Z>
c _ 1 Ud,ll (Z vd,?l (Z) Ud,12 <Z> vd,22 (’Z) C
COTTE el el | =
Ud,ll (Z Udm (Z) Ud,,IZ (z> Udzz (z)

Here, the subscripts 7 and d refer to numerator and denominator. The denominator
polynomial ¢ (L) is the characteristic polynomial of the system; define g, as its zero
degree coefficient; this will prove useful. Similarly, define g, as the coefficient on the zero

degree of the polynomial gin (L) q° <L) —gq° (L) q° (L) The form (29) together with

n,22 n,12 n,21

the above definitions 1s useful because it allows us to prove
Theorem 3. Design limits on the MA polynomial in a forwards-looking MIMO model

The orthogonalized moving average coefficients of a controlled system (26) must

obey

,7; log Udet G°¢ (e"‘"*‘)

2
de = K’m,H ’ (30)

where

, i €{u, tif |g 1 >1. (31)

n,ij

K, , = 47r[log‘gﬂ — 210g‘gd‘ +> log

c
g n,u,
ij

Pf. See Appendix 1.

15



In 1dentifying restrictions on the sensitivity function for this system, we once again

define a system with no control, i.e.

Az, = BEx, | + A(L)z, | +¢, (32)

and model the associated law of motion as

92 (L) g, (L)
ey b v (L) () 0 (2)v, (E) (
K e v 1 D 1 I
(D)o@ o (L) (D)

In writing (33) it 1s assumed that a unique solution to (26) exists and that the solution can
be expressed in MA form. This 1s excessively restrictive, in light of our earlier argument
that no control systems may be unstable. However, in parallel to the backwards case, one

can relax this requirement when formulating design function limits; details may be found in
Appendix 3. In the subsequent discussion, we will work with G (z) .

In parallel to the backwards-looking model, the sensitivity function for the hybrid

model 1s
S(z) =G° (z) G"° <z>_1 (34)

In turn, det S (Z) may be expressed as

16



detS(z) = det G“ (z) det G <z)71 =

9o (Z)gfm (Z) = G (Z)gfm (Z> 9, (z)2 —
£ T - )
gévc (Z 2 g:,n (z) 97?22 <Z> - 97?,12 <Z) gnc,m (z) _ (35)
N PHEPAARRARPE

gt (1) (=) | 1

(1 (1= ) [lo T (1)

2 aNe NC 2
9, (Hi,j:1 (1 — Y, Z))

2 a¢ C :
9, (Hi,jzl (1 - gd,jz))

in the calculation of the constraints for the sensitivity function of the backwards system as it

To understand the final equality in (35), observe that

also appears

1s a ratio of simple polynomials based on the poles of the controlled and the uncontrolled

gy HZ;:I (1 - giijz )

NCyn¢ NC
9, Hi,jzl (1 — 9, Z)

system. In contrast, the second ratio mcorporates elements of the

law of motion that did not affect the sensitivity function for the backwards-looking case.

The application of a control can affect the value of gf as well as the location of the zeros

C
gn.,,i :

Some general differences exist in optimal policy between the hybrid and backwards
cases when a policymaker seeks to minimize variances of the state variables. Variance
minimization for backwards-looking systems 1s achieved by choosing controls that reduce
the system dynamics to white noise; see Brock and Durlauf (2005) for general analysis.

The case 6 = 0 1s more complicated. In the scalar case Brock, Durlauf, and Rondina
(2008) demonstrate that, when the shocks {g,} are second order white noise and 3 =0,
then the best control reduces {:Et} to second-order white noise. They find that when
B >0 and not too large (so that a solution to (26) exists) an AR(1) process for T, Le.

A(L)a;t_l = A1It—1’ yields a solution for (26) that 1s more (less) persistent for

17



0<A <1, (1< A <0). These results are reversed when 3 < 0 (absolute value not
too large so that we have existence of a solution to (26)). Brock, Durlauf, and Rondina
(2008) show that a positively persistent AR(1) process 1s turned mto an AR(1) with negative
persistence by varlance minimizing optimal control when 3> 0. Intuitively optimal
control cancels the magnification effect on volatility of 3 > 0 by going “beyond reduction
to white noise” by exploiting the ability of 8 > 0 to shrink the effect of =1 < A <0 on
volatility. This same intuition applies to diagonal matrix versions of (26) although matters
are more complicated for general matrix versions. We shall see that new and interesting
differences emerge when one considers frequency-specific effects.

In parallel to the derivation of Theorem 2 from Theorem 1, Theorem 3 leads

immediately to Theorem 4.

Theorem 4. Design limits on the sensitivity function in a forwards-looking MIMO model

The sensitivity function of a controlled system (26) must obey

:T log [‘det S (e"“) ’ ]dw =K,, (36)

where

K, =4r log‘gf‘ — log gjLVC‘ + Zlog gévlc + Zlog gfu — Zlog givf @)
v ] u e h
i€ q{v}if gévlc‘ >1, i€ {u’} if ‘g:l‘ >1and i€ {u'} if g:lvf‘ > 1.

From the perspective of design limits, there are several important differences
between this case and the backwards-looking case.

First, in the presence of an expectations-based component, the sensitivity function

constraint K, can be negative. This means that it is possible for a control rule to reduce

variance contributions at a// frequencies relative to an uncontrolled system. Brock, Durlauf

18



and Rondina (2008) provide a univariate example of this property. Their example
llustrates the fact that distinct variance minimizing and uniform variance reduction controls
can exist for a given system, which matters if a policymaker 1s concerned about loss
function uncertainty, 1.e. the policymaker 1s not sure whether or not all frequency-specific
variances should be weighted equally.

Second, expectations also affect the nature of the constraint value K, as the terms
c
gn,ul ‘ - Z log
7J{I\(”

looking case. Recall from the Wiener-Kolmogorov prediction formula that if z, = G (L)v

associated with E log gy f‘ do not have an analog m the backwards
el ™
Uj

t

then E’ta:lﬁ+1 = Lfl(G(L) — GO)U .

) 1s added to the dynamics

Thus when the term ﬁEtxtH

as 1n (26) above then “extra” terms should be expected to appear in the constraint value.
These terms vanish when 3 = 0. More important, the value of the “constant” G changes
as the control choice changes. Metaphorically, for the forwards-looking case, the “budget

constraint” defined by K

,; shifts across feedback rules, so that a purchase of lower variance

at one frequency band does not have to be paid for by an increase in variance at another

band.

3. Unpacking frequency-specific tradeoffs: the design transformation matrix

1. general ideas

In most macroeconomic applications the object of interest in control problems is a
function of the variances for the state variables. It follows that, when comparing a system
with no control and a system with control, the relationship between the two can be

described by those functions that transform an underlying set of orthogonal components

v, of the uncontrolled process into the associated components of the controlled process.

In order to 1dentify frequency bands where robustness is increased by the control (a good
thing) and to identfy frequency bands where fragility is increased (a bad thing) we

mtroduce the concept of a design transformation matrix, denoted as
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f:.tlml\C <Z> frl.%IC (Z)

N (2) Ene(2) (
M(Z)_ fa-z.,vmc(Z) fzz,vz\c(z) o

f1:2 2 |NC <Z> f”‘z 0|NC (Z)

It 1s immediate that

Liol2)= My, (), e (2) + My (2) 1, e (2) (30)

and

e (2) = Moy (2) £ e (2) 4 May (2) £ e ) o

These mmply that the elements of the design matrix M (Z) are functions of the elements of

the sensitivity matrix since

f;\c (z) = D° (z) ZwDC (z)/ = (S(z) D¢ (z)) >, (S (z) DN¢ (z))l = 1)
!/
S(2) five (2) 5 (2)
When spectral densities exist, the design transformation matrix provides a characterization
of the frequency by frequency changes in the effects of shocks on the spectral density
matrix of the state variables as one moves from an uncontrolled to a controlled system.
Regardless of whether spectral densities exist, the design matrix describes how the
frequency-specific effects of the innovations v on the state variable are affected by the
choice of control. Note that for univariate systems the sensitivity matrix and the design
matrix coincide.
The design transformation matrix 1s useful because it gives us a way of displaying

the relative allocation of power between an uncontrolled system and a controlled system.
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This will be illustrated mn graphical displays in Section 4 on Taylor Rules below (see
especially Figures 3, 4, 5.B, 5.C, 6.B, and 6.C below). It 1s also useful in terms of
understanding how design limits change when the number of states exceeds the number of

controls.

11. design transformation matrix for backwards-looking systems

For our backwards-looking system, the properties of the design transformation

matrix can be derived from

F)= 1, )+ 1. )=
L ¢ N P ¢ c (-1 42
T e ) ) o

and

where the terms dncij (z) are the numerator polynomials of the matrix D (z) mtroduced

m eq. (8) while ddo (z) 1s the common numerator polynomial. M (z) for this system can

be written as
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How do constraints on S (z) mmpinge on the freedom to design the elements in
M (z) ? Eq. (16) implies that
; detD(z) detD(2)  dy(z)d)" (2 )

detS(z)S(z) = T (z) T (z_1> = p (z)ddc (z_l) . (45)

Combining (44) and (45) it 1s immediate that each term of the design transformation matrix

1s related to the sensitivity matrix according to

C C -1
log Mz.j (z) = logdet § <z) S (z)/ + log :;m] <Z> dn’ij (Z ) . (46)

Theorem 2 describes how each term of the design matrix 1s restricted by the Bode

/
constraint’s effect on logdet § (z)S (z) . However, each term i the design matrix also

dnc,ij <Z> dnc,ij (zil)
a5 ()5 (=)

contains an additional component log that depends on the control.

111. design matrix for hybrid systems

For a hybrid system,

and
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ﬁH) )+ ) ) ) W

where

(O i R ) W o P P e R

and gdc (z) and the gglj (z) polynomials are the elements of the matrix polynomial

G* (L) mn (29). The design matrix M (z) for this system can be written as

gf,n (Z)gin (2_1) 97?,12 (z)gfﬂ (Z_l)

C 0 (2)a () o () (=) e (2)al (=)
M= | ) )il

05 ()% (=) a2 (=)als (=)

The relationship between § (z) and M (z) 1s given by

9y <Z> 9y (’271)

/ gf z gf z
log M, (z) = log detS(z)S(z) —log g:zvc((z)) gfo((z% + log gflvg (z) g:f ({1) (50)
where gg (z) = gin (z) gim (z) — 9221 (z) 95.12 <z), corresponding terms may be defined

for the uncontrolled system. Notice the similarity in structure between (50) for hybrids and

(46) for backwards looking models even though the values of the elements are different.

1v. MIMO versus SIMO
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Recall that a 2x2 MIMO system 1s a system where there 1s a single control
mstrument for each state variable whereas a SIMO system 1s one where there i1s only one
control instrument. 2 x2 SIMO systems are common in macroeconomics; a leading
example 1s the use of the interest rate to simultaneously affect output and inflation. A main
way of discriminating between MIMO and SIMO systems 1s the difference i their
controllability subspaces and their stabilizability. See Kwakernaak and Sivan (1972, Chapter
1) and Zhou, Doyle, and Glover (1996, Chapter 3) for a treatment of controllability and

stabilizability of linear control systems. Formally, a 2 x2 SIMO system 1s defined as a

2x2 MIMO i which either row 1 or row 2 of the matrix B(z) defined above 1s

restricted to be zero. If row 1 1s restricted to be zero we say that the control can be applied
only to equation 2, and vice versa. In this section we develop a 2x2 MIMO and 2 x 2
SIMO comparison in terms of differences of the integral constraints that characterize their
design limitations.

We first state a basic result.

Theorem 5. Tradeoffs in MIMO and SIMO Systems

1. For a MIMO system, if the design matrix is given by (44) then

£, e)

"log M = ) ve (g 5
_log ij(w)dw—KB—l— 77rlog i d,. (e ) dw  (O1)

2 T
dw — log

for the backwards looking case and

o (e o [ Trnll o o2

f;logMﬂ (w)dw = Zlog

—|—f:rlog

NC
gd,vm

for the hybrid case.
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1. For a SIMO system, suppose that the matrix W(z) 1s diagonal and suppose that the

control can be applied only to equation j . Then, for the backwards looking system

T log M, (w)dw = K, Vi (53)

For the hybrid case the constraint 1s still (52).

Pf: See Appendix 1.

In order to illustrate Theorem 5 we consider simple backwards-lookingAR(1)

system. The comparable hybrid system provides less clean results without additional

msight and 1s therefore omitted. The system 1s

For the MIMO model both b and b, are nonzero whereas, according to our definition,

for the SIMO model b1 =0 and b2 1s nonzero. Control rules are restricted to

L
=3
~

ulz‘, = gllzl,t—l + 912$2,t—1’ th = 921$1,t—1 + 922$2,t—1 ( *

The form of the polynomial matrix for the uncontrolled system, D" (z), 1S
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The controlled system D° (z) takes the same form and we denote the controlled

coefficients by a:j. These coefhcients equal

* * * *
I J— — — 4
an - au + b1g117 a12 - a12 + b1g117 a21 - a21 + b29217 a22 - a22 + b2922 (‘)7)

Using Theorem 5 we can express the restrictions on the elements of the design matrix as

f:r log M, (w)dw =K, + f:r log‘l —ay,e ™ " dw — f; log‘l —a,e " ’ dw, (58)
f:; log M, (w)dw =K, + 47r(log‘af2‘ — log‘am‘) (59)
f_i log M, (w)dw =K, + 47T(log‘a;‘ — log‘a21 ) , (60)

fj; log M,, (w) dw =K, + f; log‘l — afle_i“ dw, (61)

’ dw — f:r log‘l — aue_"“ ’

and the overall integral constraint is
K, =— f log(| det(I — A'e ™) |)dw + f log(| det(I — Ae ™) |)dw (69)

In the SIMO case, b, = 0 so that, for this example, a,; = alj,j =12, a, =a, +0b,9,,
and a,, = a,, +b,9,,-

One can use this simple example to elucidate how the difference between MIMO
and SIMO s reflected in the integral constraints (58)-(61). To do this, we employ some

basic elements of linear control theory specialized to our 2 X2 system. A 2X2 system

T, = Axt + Bu, 1s completely controllable if and only if the column vectors of the matrix

(B, AB) span 2-dimensional space (Kwakernaak and Sivan (1972, Theorem 6.6)). The set
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of MIMO systems we consider are all completely controllable except for nongeneric “cases.

It is easy to check (by checking the spanning condition for (B,AB)) that complete
controllability for the class of SIMO systems we consider holds if and only if b; a,=0.

By Kwakernaak and Sivan (1972, page 462)), if a system 1s completely controllable, then
controls may be found that stabilize it. We shall always assume that controls are picked to
stabilize the system if it 1s possible to do so. We are now in the position to exposit the
main difference between 2 x 2 MIMO systems and 2 X 2 SIMO systems for this example.
We shall take the main difference to be the lack of potential controllability (stabilizability)
for a generic class of SIMO systems.

Since our class of 2x2 MIMO systems are stabilizable (Kwakernaak and Sivan

(1972, page 462, Dehnition 6.5)) except for nongeneric cases, we shall assume all

eigenvalues are inside the unit circle for the 2x2 matrix A™ for our controlled MIMO
systems. Thus the essential difference between MIMO and SIMO that is reflected in the

set of Integral constraints (58)-(61) above lies in the difference

K K =

B,MIMO ~ **B,SIMO

— [1og(| det(I — Ay, ¢ ) Ndw + [log(| det(I — Ay, e ™) |)dw

-7

(63)

If both MIMO and SIMO were controllable we shall always assume control choices are

made to stabilize both. Thus the difference above would be zero. However, unless

1322a12 = 0, our class of SIMO systems 1s not completely controllable. Hence the

difference above 1s always nonnegative and may be positive. The inequality faced by a

planner which always does the best it can to stabilize the system it faces 1.e.

K BAIMO - K ssnio = 0 thus represents an additional fundamental limitation faced in

SIMO environments.

"By nongeneric, we mean that the set of parameters under which controllability fails has
measure zero in the set of possible parameter values.
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This inequality finding also holds for more general environments. Since b, is
assumed to be nonzero, lack of controllability for the example arises only when a, = 0.

If a, =0, since bl = 0 1t follows that z, = a,,z , | which is obviously not stabilizable by

any choice of control. However, if A, b and b, in the example are replaced by A(L)
b, (L) and b,(L) where all lag operators are finite degree polynomials, then for MIMO
systems one must obtain the transfer function and obtain the state space realization in order
to evaluate the controllability matrix for it (Zhou, Doyle, and Glover (1996, Section 3.7))

for A(L), b,(L) and b,(L)); a similar calculation is needed for SIMO systems under the

restriction bl(L) = 0. Since the lag polynomials can be of any finite degree the state space

realization can have very high dimension. Thus the four numerical restrictions in (57)-(60)

above can not characterize the difference between MIMO and SIMO. But the result

K, — K st = 0 sull holds for planners who do the best they can to choose

controls to stabilize the system they face.

4. Application: monetary policy rules

In this section we explore the limits encountered by a policymaker trying to design
the response of output and inflation at different frequencies conditional on the now
standard two-equation new Keynesian class of inflation/output models. The monetary
policy rule literature contains both backwards-looking and hybrid models of the type we
have analyzed and so 1s a natural environment for considering design limits. The system

consists first of an IS equation

4
yt = 6fEtyt+1 + (1 o 6f)262yt72 - 0-7; + nt’ (64)
1=1

4
with 251. =1. The error term is assumed to be AR(l), 7, = PN, TV, The second

i=1

equation 1s a Phillips curve:
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4
T, =pEm,  + (1 — ;L)Zajwt_i +7y, +¢,. (65)

i=1

The error term is also assumed to be AR(1), €, = pe,  +v,,.

We focus on two forms of this model. The first specification we consider 1s the
backwards-looking model elaborated by Rudebusch and Svensson (1999) which sets

4
p = 0, imposes E a, =1 to ensure a long run vertical Phillips curve, and measures the
i=1

4
real interest rate as 7;3 = .252 (Z’H — 7TH,). We employ their parameter estimates. The
=1
second specification, comprehensively studied m Woodford (2003), assumes p > 0,
a, = 0 Vi (which essentially rules out any exogenous persistence to the inflation rate), and

H

rm =1, —Em . For this model specification, we take parameter estimates for the IS

equation from Linde (2005, Table 5) and parameter estimates of the Phillips curve from
Gali, Gertler and Lopez-Salido (2005. Table 1). Table 1 reports the parameter values for
the two cases.

We consider policies that are simple variants of linear feedback rules of the form.
i =0, (L)7, + 9, (L), +0,(L)i,- (66)

Rules in this class have of course been extensively studied. We focus on simple variants

given their importance in current monetary policy debates.

1. inflation-output volatility tradeoffs across frequencies

The original Phillips hypothesis of a long-run negative tradeoff between the level of
mflation and the level of output has been fundamentally modified by theoretical and
empirical advances since Phillips’ time. Contemporary research focuses on the existence

of a tradeoff between variance of inflation and the variance of output deviations from its
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natural level. As policies are computed to minimize different linear combinations of
variance for the output gap and inflation, a negatively sloped frontier emerges. Any point in
the frontier corresponds to the unconditional variance of inflation and output that emerges
for a given value for A under the policy that minimizes the value for the loss function J .
From the perspective of design limits, it 1s natural to ask how one can understand variance
tradeoffs as they are manifested at different frequencies.

In order to understand frequency-specific tradeoffs, we perform several exercises.
First, we compute the frequency-specific losses that are implicit in the tradeoffs associated
with the variance-based Phillips curve. To do this, we compute variance tradeoff frontiers
for mflation and output based. For each point on the frontier, parameters are chosen for

the interest rate rule
i =97+ 9,9, T 9, (67)

so that feedbacks are restricted to ¢ — 1 levels of output, inflation, and the interest rate.

Points on the frontier are chosen to minimize
J = Avar <7rt) + (1 — )\)Var(yt) + ¢ var <Az’t) (68)

By varying A between 0 and 1, one traces out the efficient frontier of mflation/output
variance pairs from which a policymaker may choose. The position of the frontier
depends of course on the value of ¢ . For expositional purposes we report the frontiers for
the case of free control ¢ = 0 and for the case of costly control ¢ = 0.1.

For each pomt on the frontier we report an associated decomposition of the
variance values into components corresponding to the same division between low
frequencies (cycles of 8 years or more), business cycle frequencies, 2 to 8 years, and high
frequencies, cycles of less than 2 years. This division follows the NBER classifications of
minor and major business cycles. The frequency-specific tradeoffs in these Figures indicate
how the unconditional variance frontier contains additional frontiers where optimality no

longer applies. The shape of the frontier 1s obviously related to the structural model acting
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as a constraint on the optimization problem of the policy maker. The existence of design
limits shapes the frontiers at different frequencies.

Results of this exercise are reported for the backwards model in Figure 1A for
costless control and Figure 1.B for costly control. The Figures are qualitatively very similar
and each mdicate how the tradeoffs associated with overall variance mask very different
behaviors across frequencies. The general shape of the overall variance tradeoff found for
the backwards model is replicated for the variance at the low frequency bands, but not for
the others.

The frequency mterval tradeoffs indicate some unpleasant implied tradeoffs at the
business cycle frequencies and high frequencies. Suppose that the policy rule 1s initially
optimally set by a policymaker D (for dove) who possesses a relative distaste for output
variance over inflation variance, so that A = 0.05. Suppose that a new policymaker H
(hawk) replaces the first policymaker and that H possesses a relative distaste for mflation
variance over output variance, so that A = 0.95. As one would expect, the transition from
Dto Hmoves along the frontier as indicated in the upper left panel of Figure 1.A or 1.B as
lower mflation 1s substituted for higher output variance of output. This overall tradeoff
masks interesting frequency-specific effects. For low frequencies, the qualitative finding of
an inflation/output variance tradeoff 1s preserved, although a substantially larger reduction
mn inflation variance may be obtained from a given increase in output variance when the low
frequencies are considered in 1solation. Tradeoffs are very different for the business cycle
frequencies, as shown in the lower left panels of Figures 1.A and 1.B. Both the variance of
mflation and output ncrease as the policy shifts from ) to H. While it 1s relatively cheap
to reduce inflation variance at low frequencies (measured 1n terms of low frequency output
varlance), a price 1s paid at the business cycle frequencies, where the variance of mflation 1is
mcreased. At high frequencies, on the other hand, both inflation and output variances
dechne when the policy shifts from D to H, although the magnitude 1s very small compared
to the rest of the spectrum.

Figures 2.A and 2.B report the same exercise when a policymaker faces a hybrid
model. The qualitative messages of the Figures are similar, as occurred with Figures 1.A.
and 1.B, although the shape of the high frequency tradeoffs are quite different in

magntiude. With respect to overall variance, the qualitative difference between the
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backwards and hybrid models 1s that the marginal rate of substitution between output and
mflation variance 1s considerably smaller than the backwards looking case. In other words,
moving along the variance frontier entails a smaller cost under the hybrid model. The
upper right and lower left panels of Figures 2.A and 2.B show that this difference in costs 1s
a consequence of differences in the tradeoffs associated with the business cycle frequencies.
For this case, as the variance of inflation 1s reduced at low frequencies, a similar reduction
happens at business cycle frequencies. The cost of reducing the variance for inflation 1s
higher at high frequencies but the relative importance of those frequencies in terms of

overall variance remains small.
i1. original Taylor rule redux

Our second exercise considers the frequency-specific effects of the original Taylor

(1993) rule (OTR): g_= 1.5, g,=0.59 =00 and draws comparisons with a class of

modifications that has been proposed. For a policymaker with the loss function (68) and

. 1 .
associated parameters A = B and ¢ = 0.1, the original Taylor rule produces losses of

9.20 and 6.47 for the backwards and hybrid models respectively. This 1s the sort of
calculation that 1s conventionally reported in the monetary policy rules literature. In
unpacking variance calculations of this type to understand frequency-specific losses, we first
consider the spectral density components of inflation and output associated with the

innovation to inflation V;, and the innovation to output Vv, , L.e. f7T y (w), f7r , (w), ]2 ., (w)
"1 172 "1

and ]2 . <w) . The values of these functions under the OTR are reported in the left hand

side panels of Figure 3 for the backwards model and Figure 4 for the hybrid model. For
the backwards model, the volatility consequences of mflation innovations on nflation are
concentrated at low frequencies, 1.e. those associated with cycles of 8 years or longer. The
volatility consequences on output of inflation innovations follow the same pattern. On the
other hand, the frequency-specific effects on output due to output shocks 1s associated with
a peak around business cycles of 8-16 years whereas the frequency specific effects of output

shocks on inflation are concentrated at very low frequencies. For the hybrid model, much
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of the variance of both mflation and output 1s concentrated at low frequencies with no
peaks prior to the zero frequency. That said, a substantial portion of the variance 1s also
concentrated n the business cycle frequencies of 2-8 years, typically considered to be the
primary business cycles; this 1s especially noticeable with respect to the spectral density
effect of output shocks on output.

How should a policymaker proceed who wishes to improve performance relative to
the OTR? We present two alternative rules to highlight the relevance of frequency-specific
tradeoffs i the design of good policies. The first alternative we consider to the OTR 1s the

optimal rule conditional on the model, defined as the choice of parameters in (67) that

minimizes (68) with \ = % and ¢ = 0.1. Second, we contrast the OTR (and the OPR)

with a “modified Taylor rule” (MTR) in which 1) the reaction coefhicients to inflation and

output by 1 unit, so that g_ = 2.5 and 9, = 1.5 and 2) a non-trivial degree of persistence

is added to the OTR control rule by specifying g. = 0.5. These modifications capture

some mntuitions that have appeared in the monetary rules literature. First, our reading of
the monetary policy literature, specifically McCallum and Nelson (2004) is that an overall
variance performance mmprovement should occur if the policymaker 1s shghtly more
aggressive In response to changes in either inflation or output than occurs in the OTR.
Second, persistence in the interest rates via a lagged term has been shown to be valuable in
reducing the overall variance of macroeconomic aggregates because of the effect on
expectations, see for example Woodford (1999) and Giannoni and Woodford (2003).
These considerations lead us to propose the MTR as an example of an alternative “rule of
thumb” to the OTR.

Figure 3 reports the spectral densities and the design transformation matrix

components of the backwards looking model under the three rules, OTR, OPR and M'TR.
The optimal rule OPR in this case 1s g_ = 1.9, 9, = 1.2,9. = 0.3. The overall loss under
OPR i1s reduced to 6.06 (as compared to 9.20 for OTR), while under MTR the overall loss
18 reduced to 8.37. However, as Theorem 2 and 5 inform us, reductions in variance

cannot happen across all frequency ranges, so that these overall performance

mmprovements are masking a nontrivial set of gains and losses. Both the OPR and the
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MTR reduce the contribution to the inflation variance at low frequencies (8 years and

longer) from shocks to inflation and output’. This can be seen from the top right panels of

Figure 3 where both M, (w) and M, (w) for each alterative rule to OTR are below 1 for

cycles of 8 years or more. However, both rules increase the variance of inflation at cycles
between 2 and 4 years, this 1s especially so under the MTR. This 1s not the only tradeoff
entailled when the MTR and the OPR reduce the overall variance. Both rules increase the
variance of output from shocks to inflation at all frequencies, as the panels in the third row
of Figure 3 show. Finally, both the OTR and the M'TR reduce the variance of output from
output shocks at frequencies of 8-16 years, but, as a consequence, they increase the
variance at cycles between 2 and 4 years. Summarizing, even though both rules improve the
performance of the policymaker with respect to the Taylor rule, such an improvement is
paid for by increases in the variance of fluctuations at business cycle frequencies.

Figure 4 reports the performance of the OPR and the MTR under the hybrid
model. The optimal rule the OPR for this model 1s g = 0.1, g, = 1.9,9, = 0.4. The

overall loss under the OPR 1s reduced to 2.44, while under the MTR 1s reduced to 5.26. It
1s evident from the Figure that both rules perform virtually identically with respect to
fluctuations 1n inflation and output that are due to shocks to output. This can be seen from
rows 2 and 4 in Figure 4. In terms of the fluctuations in mflation and output coming from
shocks to mflation, the two rules differ markedly. Under the MTR the component of the
variance of mnflation due to shocks to inflation 1s relatively unchanged compared to the
OTR; there 1s a shght increase at low frequencies and a slight reduction of the same
magnitude at business cycle frequencies. In contrast, the MTR increases the contribution of
shocks to inflation to the variance of output for cycles between 1 and 4 years. In this
respect, the OPR does exceptionally well as it systematically compresses the component of
the spectral density of output generated by shocks to inflation. Such an exceptional
performance with respect to the MTR comes at a cost: the fluctuations of inflation from

shocks to inflation are increased at cycles of 2 years or longer. Comparing the results for

®Rondina (2008) shows generally that the first-order conditions for variance minimziation
in hybrid models instruct the policy maker to completely annihilate the contribution to
the variance at low frequencies in order to correctly “manage” the expectations of
forward-looking agents. This is consistent with the effects our altnernatives to the
original Taylor rule.
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the backwards and hybrid models, it 1s clear that the design limits are less stringent for the
latter. However, looking at the frequency specific performances of the MTR and the OPR
for the hybrid case, it 1s also clear that important tradeoffs are still acting as alternative
control rules are applied.

Figures 3 and 4 offer a clear illustration of the powerful tradeoffs that operate in the
frequency domain when a control rule 1s applied to a dynamic economic system.
Interestingly, the results displayed in Figures 3 and 4 indicate that the MTR pushes power
towards the very low frequencies which one could argue 1s politically convenient for current
policymakers. Whether or not such peaks are an acceptable price to pay for variance
reduction obviously depends on the objective function of the policymaker, but the
knowledge of the existence of such severe tradeoffs may be of value in the design of good

policies.

1. monetary policy regimes and design limits

Our final illustration of the value of design limits analysis concerns the
mterpretation of changes in monetary policy. The last 40 years of monetary policy can to
some extent be understood as consisting of three periods: the pre-1979 or Burns period,
the 1979-1987 or Volcker period and the post-1987 or Greenspan period’. In this
exercise, we compare the performances of the three regimes at different frequency bands
and to expose the “hidden tradeoffs” forced by the conservation laws developed in Section
2,

In order to operationalize the comparison of the regimes, we employ estimates due
to Judd and Rudebusch (1998) that describe these different monetary policy regimes in

terms of changes mn the parameters of interest rate rules. Judd and Rudebusch (1999)

*We follow Judd and Rudebusch (1998) and Sims and Zha (2006) in working with
distinct VVolcker and Greenspan regimes rather than Clarida, Gali and Gertler (2000) or
Taylor (1999) who combine them into a common one. There is no consensus on the
number of monetary policy regimes for the post-war US. Sargent, Williams, and Zha
(2006) provide evidence that changes in government beliefs about the nature of the
Phillips curve explain changes in monetary policy; their evidence on time series of these
beliefs suggests that it is sensible to distinguish between the Volcker and Greenspan
years
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consider two specifications of the monetary policy rule for each regime. One 1s a

generalized Taylor rule
it* =97, t 9194 + 92Y, 5 (69)

which does not contain any persistence of the policy mstrument. They interpret this as a
“recommended rule” for interest rates. They consider both the case where the Federal
Reserve can implement its recommended rule as well as second “measured” rule of the

form
L, =9 + gylyt—l + ggﬂym + 9,0+ 9,0, (70)

The use of 2 lags in interest rates, following Judd and Rudebusch, 1s done to allow for the
possibility that the observed interest rate does not coincide with the policymaker’s
preferred interest rate, but rather adjusts towards this preferred interest rate via an error
correction model. (Of course, as previously discussed, interest rate inertia may have
desirable stabilization properties.) The values of the coefticients for (69) and (70) for the
three regimes are reported in Table 2. We evaluate the regimes using the backwards and
hybrid models parameterized as in Section 4.1. We follow Judd and Rudebusch (1998, p.
4) and omit any discussion of the G William Miller’s time at FRB chairman (1978.Q2-
1979.Q2) because of his short tenure.

Tables 3 and 4 report the behaviors of output, inflation and changes mn interest
rates under the three regimes. Note that the variances under the Burns reaction function
are infinite as the model evaluated at the Burns reaction function 1s nonstationary. This
finding 1s consistent with Judd and Rudebusch (1998, Table 2, page 12) where they observe
that the model did not converge for their estimated Burns reaction function. Convergence
does occur for the hybrid case in Table 4. Contrasts are also drawn with the original
Taylor rule.

As indicated by Table 3, for the backwards model both Greenspan and Volcker
perform better than OTR. However, most of the difference in Volcker’s performance 1s

due to lower inflation volatility - 9.6 against 12.2 - while output volatility is essentially the
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same as OTR - 5.4 against 5.6. On the other hand, Greenspan’s better performance 1s split
between lower inflation volatility and lower output volatility, 11.3 against 12.2 and 4.6
against 5.6, respectively. The recommended interest rate rule for each regime produces
larger volatility in the backwards model than the measured version of each, especially for
mflation; this idicates that the stabilization possibilities generated by interest rate mertia
were not being exploited. Turning to the hybrid model, for both the preferred and
recommended cases, one finds that Volcker regime performs shightly better in terms of
mflation volatility but much worse i terms of output volatility than the Burns and
Greenspan regimes. The OTR performs very similarly to Volcker’s rules. We note that
that for the hybrid model the distinction between the preferred and measured rules 1s
second-order, 1n particular in terms of inflation variance implications.

How do the different monetary regimes compare when frequency-specific effects
are considered? To facilitate comparisons, we employ a modified design transformation
matrix which equals the ratio of the spectral density for the variable under the given rule
(note that we omit Burns when spectral densities do not exist) to the spectral density of the
variable under the original Taylor rule”. This allows for visual representations of the
different effects of each rule relative to the OTR for each frequency. Figure 5 reports
spectral densities and design transformation functions for the backwards model; the
corresponding functions for the hybrid model appear in Figure 6.

For the backwards model, Theorem 1 implies that the integral of the logarithm of
the determinant of the spectral density matrix i1s a constant whose value 1s independent of
the choice of control rule.” This suggests that Volcker and Greenspan must move
undesired power somewhere n the frequency domain relative to the OTR baseline. This
kind of conservation law should appear in the spectral density plots. The left column plots
m Figure 5.A reveals that (assuming the economy’s dynamics followed the estimated
backwards model) Volcker, under the recommended rule specification, reduced spectral

power for inflation at the lower frequencies relative to Greenspan and to the Taylor

“While it is natural, in developing our Theorems to compare controlled and uncontrolled
systems, for visual comparisons, there 1s no need to choose a no control system as a
baseline for the design transformation matrix.

"This claim follows from Theorem 1 if one integrates the logarithm of the determinant of

fuc (@) in (17).
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baseline at the cost of more variance at the higher ones. Interestingly the Volcker rule does
the opposite for output in the sense that it increases spectral power at lower frequencies
relative to Greenspan and the Taylor standard. Figure 5.A also suggests that the spectral
density effects of the recommended and measured rules on output and inflation are
relatively similar, although the effects on interest behavior are quite different.

Figures 5.B and 5.C, illustrate how these overall effects are associated with distinct
spectral density effects of inflation and output shocks. Starting with Figure 5.B, compared
with Greenspan, the Volcker regime reduced the effects of inflation shocks on inflation
variance at the very lowest frequencies; in contrast the Volcker regime performs slightly less
well than others in attenuating the variance effects of output shocks on inflation for cycles
of 8 year or more. Differences between the regimes with respect to various effects on
mflation are harder to summarize, as indicated by the multiple mtersections of the
modified design matrix elements. However, one can say that, for cycles of 8 years or
greater, variance 1s substantially higher under Volcker than for the OTR whereas
Greenspan outperforms the OTR. Similar conclusions hold for effects of output shocks
on output. As indicated by a comparison of Figures 5.B and 5.C, there do not appear to
be interesting qualitative differences in comparative regime performance with respect to
mflation and output as one moves from recommended to measured rules, which mirrors
the results for overall spectral densities.

Figures 6.A-6.C discuss the behavior of the regimes under the hybrid model. In
mterpreting these figures, recall that effects of conservation laws are not so sharp for the
hybrid model because, as shown by Theorem 3, the sensitivity function constraint depends
upon the rule. But since the constraint 1s one dimensional and rules are multidimensional,
Theorem 3 does suggest a tendency for multidimensional rules to be somewhat
constrained 1n their freedom to diminish spectral power at a frequency band without a
tendency to cause spectral power to rise at some other frequency band.

As indicated in Figure 6.A, under both the recommended and measured nterest
rate specifications, there 1s a clear ranking of the rules for spectral power of inflation. It
appears that Volcker 1s successful at reducing spectral power for mflation across all
frequencies, when compared to the other rules. The relatively superior performance of

the Volcker rule 1s especially dramatic for cycles of 8 years or greater, which contrasts with
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the backwards case where the large performance improvements occur at cycles of 32 years
or longer. An examination of the spectral density plots for output suggests that the
conservation law imposed costs along this dimension. In fact, the spectral density of output
under the Volcker regime 1s above all the other regimes in reason of 2 to 4 times, for cycles
of 8 years or longer. It 1s interesting to note that the Volcker recommended rule generates
substantial high frequency variance n interest rate changes compared to the other rules, but
performs relatively well when a measured version 1s considered.

Figures 6.B and 6.C provide additional insights into the performance of the
different regimes for the hybrid model. As indicated by the Figures, the Volcker regime
(for both the recommended and measured specifications) begins to outperform the other
regimes with respect to the effects of inflation shocks on inflation once the cycle length
equals or exceeds four years. For cycles shghtly shorter than 4 years, the Volcker regime 1s
slightly outperformed by the OTR; this 1s most evident when one considers the design
matrix. When one considers the effects of output shocks on inflation, the recommended
form of the Volcker rule, remarkably, is outperformed at all frequencies by Greenspan
(with the exception of very high frequencies). Similar tradeoffs are evident when one
considers output. Compared to the others, Volcker (under either rule specification)
amplifies the low frequency effects of both mflation and output shocks on output.
Surprisingly, in terms of the effects of inflation shocks on output, Burns outperforms
Volcker at all frequencies. This 1s a dramatic example of the tradeoffs with which we have
been concerned. For higher frequencies, the various design functions itersect so there are
no general comparisons to be drawn.

How do the various monetary policy regimes perform relative to the
mflation/output variance frontiers we have described in Section 4.1?  IFigures 1 and 2
include the locations of outcomes under the Burns (when Burns converges), Volcker and
Greenspan rules relative to the mflation/output frontiers. In terms of overall variance there
are no surprises except possibly the domination of Burns by Greenspan in the hybrd
model. For the hybrid model the performance of all three regimes 1s about the same for
the implied frontier at high frequencies. But the “conservation law of the logarithm of
spectral power” suggests that the volatility must end up somewhere at the business cycle

frequencies and the lower frequencies. For the hybrid model the important difference
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shows up at the low frequencies. Burns squashes output volatility in return for a high price
i terms of mflation volatility at low frequencies while Volcker does almost the exact
opposite; from this perspective Greenspan may be regarded as a compromiser between the
two. Note that, at business cycle frequencies for the hybrid model, the three chairmen are
much closer together. These important contrasts and similarities are completely masked
by the standard frontier.

Let us sum up the conclusions we draw. The conservation law/design limits
perspective developed 1n this paper motivates a detailed analysis of relative performance of
different rule regimes at low, business cycle, and high frequency bands. This 1s so because
our Theorems (even for hybrid models) show a tendency for some measure of volatility to
be conserved across different frequencies. This suggests several additions to the standard
way In which analysts report the effects of alternative monetary policy rules. In particular
the standard efficiency frontier analysis of regimes should be supplemented by implied
frontiers evaluated at the low, business cycle, and high frequencies. Further, plots should
be prepared that spotlight frequency bands where a rule 1s robust to shocks at those
frequencies and to spotlight frequency bands where the rule is fragile to shocks at such
frequencies. These additional calculations are valuable because we know that increased
robustness at one set of frequencies must be offset by increased fragility at some other set
of frequencies for backwards models. There is still a tendency for this to be true for

hybrids although the effect is more subtle.

5. Summary and conclusions

This paper has argued the case for introducing macroeconomics to the theory of
design limits in control theory. The general theory of design limits (e.g. Skogestad and
Postlewaite (1996)) stresses limitations on the ability of control design to move variance
across frequencies (expressed in the form of various “conservation laws”) as well as
limitations on the ability of control design to cope with measurement error and
robustification against various forms of model uncertainty. We have only touched on one

feature of the general theory of design limits in this paper in that we have focused all
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attention on the basic conservation laws which give precise content to the mtuitive idea that
attempts to reduce variance down at one frequency band can cause variance to increase at
some other frequency band.

Many outstanding questions exist. For example, we have said nothing about good
designs to cope with measurement error. While the sensitivity function, S (z), 1s the
function from which one can design good policies to cope with outside shocks to the
dynamics, the complementary sensitivity function, 7' (z) , 1s relevant i coping with separate
1issues that arise m the presence of measurement error. See Skogestad and Postlethwaite

(1996, Section 2.2.2 and Section 6.2) for the definition of T (z) as well as the design limits
constraint, S (z) + T (z) = [ and 1its use m uncovering design limits constraints i the

presence of measurement error. The constraint S (z) + T(z) = [, plays a key role in

showing that measurement error results in another type of conservation law that constrains
placement of volatility across different frequency bands. We are developing this line of
research in a sequel to the current paper. Further, there 1s a close connection between the
robust control literature (e.g. Hansen and Sargent (2007)) and the theory of design limits.
Design limits theory focuses on control design to robustify against (i.e. moderate) outside
shocks.  Robust control theory focuses on control design to robustify against a lack of
confidence m analyst’s ability to specify the dynamics of the system under study. Design
limits theory should be useful to robust control theorists because it uncovers frequency
bands where model uncertainty can do the most damage to the designer’s goal. Thus,
using this mformation, the designer can design a control to mitigate damage at the most
vulnerable frequency bands; Brock and Durlauf (2004) provide an example. Similar
considerations exist 1f one wants to consider model uncertainty for spaces comprised of
distinct models as done in Brock, Durlauf, and West (2003, 2007) or Levin and Williams
(2003). Yet another important set of questions concern the generalization of design limits
theory to nonlinear systems; Patarrachia (2008) provides an analysis of this type for
switching regime models. For these reasons we believe that design limits theory i1s an

unusually rich area for future research.
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Output Equation
Hybrid Backwards
0.430 0
1.275 1.16
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0.012 0
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Figure 1A. Tradeoff Frontiers: Backwards Model, Costless Control

Overall Variance

Variance at Low Frequencies
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Note: The four panels report the collection of points in the space of inflation and output variance that

correspond to the minimization of the loss function (68) as A 1s varied between 0 and 1, ¢ =0 and the

Backwards model constraints the choice of the policymaker. The upper left panel reports the points for the
overall variance of inflation and output. The upper right panel reports the points for the variance of inflation
and output at frequency of 8 years or more. The bottom panels report the points for the variance of inflation
and output at business cycle frequencies (2-8 years) and at higher frequencies (less than 2 years). Each panel
also locates the variances of output and inflation for the relative frequency range that result under five policy
rules: (i) the Original Taylor Rule (circle), (1) the “Dove” Optimal Policy (star), (1) the “Hawk” Optimal
Policy (diamond), (iv) the Volcker regime, (v) the Greenspan Regime. The Burns regime results in a non-
stationary system and therefore is not reported. The optimal policies corresponds to rules of the form (66)

with coefficients chosen to minimize (68) with 2 =0.05(D) and 42=0.95 (H). The coefficients are

derived using a grid search over the space g, €[0.0,10.0], g, €[0.0,10.0] and g, €[-0.9,0.9]. The two

policiesare g, =4, g, =82, g;=-09(D)and g, =10.0,g, =4.0,9; =-0.3 (H).
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Figure 1B. Tradeoff Frontiers: Backwards Model, Costly Control
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Note: The four panels report the collection of points in the space of inflation and output variance that
correspond to the minimization of the loss function (68) as A is varied between 0 and 1, ¢ =0.1 and the
Backwards model constraints the choice of the policymaker. The upper left panel reports the points for the
overall variance of inflation and output. The upper right panel reports the points for the variance of inflation
and output at frequency of 8 years or more. The bottom panels report the points for the variance of inflation
and output at business cycle frequencies (2-8 years) and at higher frequencies (less than 2 years). Each panel
also locates the variances of output and inflation for the relative frequency range that result under five policy
rules: (1) the Original Taylor Rule (circle), (1) the “Dove” Optimal Policy (star), (i) the “Hawk” Optimal
Policy (diamond), (iv) the Volcker regime, (v) the Greenspan Regime. The Burns regime results in a non-
stationary system and therefore is not reported. The optimal policies corresponds to rules of the form (66)
with coefficients chosen to minimize (68) with 2 =0.05(D) and 4=0.95 (H). The coefficients are

derived using a grid search over the space g, €[0.0,10.0],9, €[0.0,10.0] and g, €[-0.9,0.9]. The

optimal policiesare g, =1.4,9,=17,9,=0.1 (D)and g, =2.1,g,=0.9,g, =0.5 (H).
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Figure 2.A Tradeoff Frontiers: Hybrid Model, Costless Control

Overall Variance

Variance at Low Frequencies
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Note: The four panels report the collection of points in the space of inflation and output variance that
correspond to the minimization of the loss function (68) as A is varied between 0 and 1, ¢ =0 and the
Hybrids model constraints the choice of the policymaker. The upper left panel reports the points for the
overall variance of inflation and output. The upper right panel reports the points for the variance of inflation
and output at frequency of 8 years or more. The bottom panels report the points for the variance of inflation
and output at business cycle frequencies (2-8 years) and at higher frequencies (less than 2 years). Each panel
also locates the variances of output and inflation for the relative frequency range that result under five policy
rules: (i) the Original Taylor Rule (circle), (1) the “Dove” Optimal Policy (star), (i) the “Hawk” Optimal
Policy (diamond), (iv) the Volcker regime, (v) the Greenspan Regime. The Burns regime results in a non-
stationary system and therefore is not reported. The optimal policies corresponds to rules of the form (67)

with coefficients chosen to minimize (68) with 2=0.05(D) and 1=0.95 (H). The coefficients are

derived using a grid search over the space g, €[0.0,10.0],9, €[0.0,10.0] and g, €[-0.9,0.9]. The

optimal policiesare g, =0.1,g, =10.0,g, =0.0 (D)and g, =1.6,g, =1.0,g, =0.5 (H).
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Figure 2.B Tradeoff Frontiers: Hybrid Model, Costly Control

Ovwerall Variance Variance at Low Frequencies
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Note: The four panels report the collection of points in the space of inflation and output variance that
correspond to the minimization of the loss function (68) as A is varied between 0 and 1, ¢ =0.1 and the
Hybrids model constraints the choice of the policymaker. The upper left panel reports the points for the
overall variance of inflation and output. The upper right panel reports the points for the variance of inflation
and output at frequency of 8 years or more. The bottom panels report the points for the variance of inflation
and output at business cycle frequencies (2-8 years) and at higher frequencies (less than 2 years). Each panel
also locates the variances of output and inflation for the relative frequency range that result under five policy
rules: (1) the Original Taylor Rule (circle), (1) the “Dove” Optimal Policy (star), (i) the “Hawk” Optimal
Policy (diamond), (iv) the Volcker regime, (v) the Greenspan Regime. The Burns regime results in a non-
stationary system and therefore is not reported. The optimal policies corresponds to rules of the form (67)
with coefficients chosen to minimize (68) with 2=0.05(D) and 4=0.95 (H). The coefficients are

derived using a grid search over the space g, €[0.0,10.0],9, €[0.0,10.0] and g, €[-0.9,0.9]. The

optimal policiesare g, =0.1,g,=24,9,=0.4 (D)and g, =05,9,=0.3,9, =0.8 (H).
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Figure 3. Spectral Densities and Design Transformation Matrix

Backwards Model

Inflation Shock on Inflation

---------- Original Taylor (OTR)
Optimal (OPR)
——— Modified Taylor (MTR)

2 1 0.5
Output Shock on Inflation
S5
4l 1
3|}

Inflation Shock on Output

Output Shock on Output
15

i
1

o
i

84 2 1 0.5
Cycle Period in Years

47

Design Transformation

M, (w) OPR

— M, (@) MTR ||

Design Transformation

83
6 .'l M, (@) OPR
[ 4
:: ———- M, () MTR
IR
4 Il 'I
i
2 I~
84 2 1 0.5
Design Transformation
300 i‘
,i'. M, , (o) OPR
[
200 : .I ——— M, (0) MTR |
P
1000 | 1
[
[N
’ \,
0 /m"'"---.-J
84 2 1 0.5
Design Transformation
10
, M, (@) OPR
i === Myy(e) MTR
|
5 L 1
il
it
1 ‘."
0 | L L L L
84 2 1 0.5

Cycle Period in Years



Figure 4. Spectral Densities and Design Transformation Matrix
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Table 2. Monetary Policy Regimes

RR MR

gﬂ' gly g?y gyl ng gil gi2

N}
5

Burns 0.85 0.16 0.72 | 0.16  0.09 0.40  0.69  -0.25
Volcker 1.69 240 -2.04 | 240 086 -0.73 0.56  0.08
Greenspan | 1.57 1.10 -0.12 | .10  0.30  -0.03 1.16 -0.43

Table 2 reports the measures of the Burns (1970Q1-1978Q1), Volcker (1979Q3-1987Q2)
and Greenspan (1987Q3-1997Q4) regimes of Judd and Rudebush (1998). The left side
panel reports the coefhicients of the recommended rule (RR)

R

L =TT o+ (gﬂ' o 1) (ﬂ-t—l o 7T*> + 91Y:i + 9y2Y; 2

The right side panel reports the coefficients of the measured rule (MR)

- M

L, =Tt (1 — 95— gz’?)r* + (gw - 1) (Wtq - 7T*> + §y1yt71 + ngpr + gilit—l + gz’Q?;t—Q'

The values of the constants 7 and 7 are omitted as they do not play any role in the

evaluation of second moments.
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Table 3. Regime Performance: Backwards Model

v(m) v(Y,) v(Ai)
Taylor 12.2 5.6 3.1
Recommended Rule (RR)

Burns 0 0 0
Volcker 9.6 5.4 10.5
Greenspan 11.3 4.6 4.2

Measured Rule (MR)

Burns o0 o0 00
Volcker 11.7 6.8 1.8
Greenspan 12.1 5.5 0.9

Note: Table 3 reports the unconditional variances for inflation, output and the mnterest rate
computed using the backwards model and 4 alternative policy rules. The first row reports
the results for the Original Taylor Rule. Rows 2-4 report the results for the 3 regimes -
Burns, Volcker and Greenspan - under the specification RR for the policy rule (see Table
2). Rows 5-7 report the results for the same 3 regimes now in the form of specification MR.
The value oo signals that the unconditional variance of at least one of the variables of the

system 1s unbounded.
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Table 4. Regime Performance: Hybrid Model

V() v(y.) v(Ai)

Taylor 3.1 9.4 2.2
Recommended Rule (RR)
Burns 3.4 4.1 1.4
Volcker 2.8 10.9 6.1
Greenspan 3.2 4.5 2.9
Measured Rule (MR)

Burns 3.4 4.7 1.2
Volcker 2.6 14.4 1.0
Greenspan 3.1 6.6 1.1

Note: Table 4 reports the unconditional variances for inflation, output and the mnterest rate
computed using the Hybrid model and 4 alternative policy rule. The first row reports the
results for the Original Taylor Rule. Rows 2-4 report the results for the 3 regimes - Burns,
Volcker and Greenspan - under the specification RR for the policy rule (see Table 2).

Rows 5-7 report the results for the same 3 regimes now in the form of specification MR.
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Figure 5.A Spectral Density and Design Function for Inflation and Output, Backwards
Model
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Note: Figure 5A reports the spectral densities of Inflation, Output, Interest Rate mn levels
and in first differences under three different policy regimes: (1) Original Taylor Rule
(dotted line); (1) Volcker Regime (black line); (1) Greenspan Regime (dashed line). The
spectral densities under the Burns regime are not well defined. The backwards model 1s
used to evaluate the performance of the three regimes. The upper four panels are
generated using the Recommended Rule as a measure of the regimes, the lower four
panels use the Measured Rule as a measure of the regime. The coeflicients are those
reported in Table 2. When necessary for a better appreciation of the spectral densities, the
frequency ranges reported in the plots are restricted to cycles of longer duration.
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Figure 5.B. Spectral Density and Design transformation matrix for Inflation and Output,
Backwards Model

Recommended Rule

Inflation Shock on Inflation Design Matrix, Inflation Shock on Inflation
50 ry 2
1
0 O Taylor |
H Volcker 15
00y | mm——- Greenspan | '
20 \
1 1 [\r
X4
10 4
0 ‘ o5t-%n o o0 —— . . .
8 4 2 84 2 1 0.5
Output Shock on Inflation Design Matrix, Output Shock on Inflation
2
4 15

05 L L L L L
4 2 8 4 2 1 0.5

Inflation Shock on Output Design Matrix, Inflation Shock on Output
10 4
3

Bl 2 K/\/—\

1 ...;,....\.,.\.:................._.._. ......................... J

K N —— A ———— ———

v’
0 L L L L L
4 2 8 4 2 1 0.5
Output Shock on Output Design Matrix, Output Shock on Output
15 2
10 f 1.5
5t _ N\ ]
R RN
b’
m”-ﬂna
O 1 1 1
8 4 2

The left side panels of Figure 5B report the spectral densities of Inflation
( fﬁyv1 (a)), f;;,vz (a))) and Output ( fyyv1 (a)) f (a))) decomposed according to the nature

A

of the disturbance that generates them (shock to inflation (v;) and shock to output
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(v,)). The spectral densities are derived using the backwards looking model under three
different policy regimes: (1) Original Taylor Rule (dotted line); (1) Volcker Regime (plain
line); (1) Greenspan Regime (dashed line). The spectral densities under the Burns regime
are not well defined. The regimes are expressed in the form of the Recommended Rule,
the coethcients are those reported in Table 2. When necessary for a better appreciation of
the spectral densities, the frequency ranges reported in the plots are restricted to cycles of
longer duration. The right side panels report the Design Transformation Matrix under the
Volcker (plain line) and Greenspan (dashed line) with the Taylor regime acting as the no-
control specification. A value of a Design Transformation Matrix component above 1
signals that a given regime increases the contribution to the variance at that frequency with
respect to the Taylor regime. A value below 1 signals a reduction of the contribution to the
variance at that frequency.
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Figure 5.C. Spectral Density and Design transformation matrix for Inflation and Output,
Backwards Model
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Note: The left side panels of Figure 5C report the spectral densities of Inflation
( f”l (0)), fﬁyv2 (a))) and Output ( fyyv1 (a)) f (a))) decomposed according to the nature

LA
of the disturbance that generates them (shock to inflation (v;) and shock to output (v,)).

The spectral densities are derived using the backwards looking model under three different
policy regimes: (1) Original Taylor Rule (dotted line); (1) Volcker Regime (plain line); (1)
Greenspan Regime (dashed line). The spectral densities under the Burns regime are not
well defined. The regimes are expressed in the form of the Measured Rule, the coefhicients
are those reported in Table 2. When necessary for a better appreciation of the spectral
densities, the frequency ranges reported i the plots are restricted to cycles of longer
duration. The right side panels report the Design Transformation Matrix under the
Volcker (plain line) and Greenspan (dashed line) with the Taylor regime acting as the no
control specification. A value of a Design Transformation Matrix component above 1
signals that a given regime increases the contribution to the variance at that frequency with
respect to the Taylor regime. A value below 1 signals a reduction of the contribution to the
variance at that frequency.
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Figure 6.A: Spectral Density and Design Function for Inflation and Output,
Hybrid Model
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Note: Figure 6A reports the spectral densities of Inflation, Output, Interest Rate mn levels
and 1n first differences under four different policy regimes: (1) Original Taylor Rule (dotted
line); (1) Volcker Regime (plain line); (1) Greenspan Regime (dashed line); (iv) Burns
Regime (dotted-dashed line). The Hybrid model is used to evaluate the performance of the
three regimes. The upper four panels are generated using the Recommended Rule as a
measure of the regimes; the lower four panels use the Measured Rule as a measure of the
regime. The coefficients are those reported i Table 2. When necessary for a better
appreciation of the spectral densities, the frequency ranges reported in the plots are
restricted to cycles of longer duration.
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Figure 6.B: Spectral Density and Design transformation matrix for Inflation and Output,
Hybrid Model
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Note: The left side panels of Figure 6B report the spectral densities of nflation
( f”l (0)), fﬁyv2 (a))) and Output ( fyyv1 (a)) f (a))) decomposed according to the nature

LA
of the disturbance that generates them (shock to inflation (v;) and shock to output (v,)).

The spectral densities are derived using the Hybrid model under four different policy
regimes: (1) Original Taylor Rule (dotted line); (1) Volcker Regime (plain line); (i)
Greenspan Regime (dashed line); (iv) Burns Regime (dotted-dashed line). The regimes are
expressed mn the form of the Recommended Rule, the coefficients are those reported in
Table 2. When necessary for a better appreciation of the spectral densities, the frequency
ranges reported in the plots are restricted to cycles of longer duration. The right side panels
report the Design Transformation Matrix under the Volcker (plain line), Greenspan
(dashed line) and Burns (dotted-dashed line) with the Taylor regime acting as the no
control specification. A value of a Design Transformation Matrix component above 1
signals that a given regime increases the contribution to the variance at that frequency with
respect to the Taylor regime. A value below 1 signals a reduction of the contribution to the
variance at that frequency.
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Figure 6.C: Spectral Density and Design transformation matrix for Inflation and Output,

Hybrid Model
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Note: The left side panels of Figure 6C report the spectral densities of nflation
( f”l (0)), fﬁyv2 (a))) and Output ( fyyv1 (a)) f (a))) decomposed according to the nature

LA
of the disturbance that generates them (shock to inflation (v;) and shock to output (v,)).

The spectral densities are derived using the Hybrid model under four different policy
regimes: (1) Original Taylor Rule (dotted line); (1) Volcker Regime (plain line); (i)
Greenspan Regime (dashed line); (iv) Burns Regime (dotted-dashed line). The regimes are
expressed in the form of the Measured Rule, the coefficients are those reported in Table 2.
When necessary for a better appreciation of the spectral densities, the frequency ranges
reported in the plots are restricted to cycles of longer duration. The right side panels report
the Design Transformation Matrix under the Volcker (plain line), Greenspan (dashed line)
and Burns (dotted-dashed line) with the Taylor regime acting as the no control
specification. A value of a Design Transformation Matrix component above 1 signals that a
given regime increases the contribution to the variance at that frequency with respect to the
Taylor regime. A value below 1 implies a reduction of the contribution to the variance at
that frequency.
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Appendix 1. Proofs and Derivations

Many of our derivations employ the following lemma, due to Wu and Jonckheere

(1992), which we report for convenience.

Lemma 1.
w 2 . 2,
e — r‘ dw =0 if ‘r‘ <l= 27r10g‘7“‘ if H >1 (A.1)

fﬁ
-7

Proof of Theorem 1

From the description of the system,

B det W (e )
det D) = o)
det(A0 —A(e ’”)e ”’) A9
1 T (1—we ) '

det (AT (1= Ae ™) T (1= pe )

Therefore,
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77; log [‘det D (e”’)

o

‘ 1 I (1 we ) 2d -
Og‘det<AU)H?i1 (I_Aie_i”)w H:,UM (1 pe‘“) w=
w Liw P
f log ! i wiQ w = (A.3)

2 .
e — )\.‘ I ™ — p.
K3 I3

i=1

| det(4) T,

[ dw — 4mlog det(AU) + 47 log @

WaR

2
—pi‘ dw

—w‘ dw —

2 s P
Irom Lemma 1, Y — r‘ dw =0 1f |r]<1. We have assumed that the driving

-7
process 1s second-order stationary which means that | pi| < 1. Hence the last terms 1n (A.3)

m

de

are (. The terms

vl

Concerning the former, the \’s are the eigenvalues of the system. When a control is

applied to a system it seems desirable to eliminate any unstable eigenvalues, which means

m

that‘)\‘<1‘v’z

- A ‘ dw = 0. However, when

we evaluate the expression for uncontrolled systems, unstable eigenvalues cannot be ruled

out, which means that

e — A@'r dw =41y log‘)\vl‘ i€ {v} if ‘)\i‘ >1 (A.4)

w4h’

2 L .
— wi‘ dw. Since it 1s possible that |’wl| >1,

Consider the term.

i€ fu}if fu|>1 (A.5)

2
e“’—w.‘ dw:47r§ log‘w
2 7I,L
u
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which verifies the Theorem. Theorem 2 makes clear that the structure of the driving
process does not affect the constraint on the sensitivity function in backwards looking
models. What matters for the constraint are the unstable eigenvalues of the uncontrolled
system: as the feedback control must be designed in order to stabilize the system, the

freedom 1n allocating the variance at different frequencies is reduced.
Construction of Unique Solution for Hybrid System

Assuming that the hybrid system has a unique solution, we use Whiteman (1983) to

derive the solution in the space of z-transforms. Let the moving average representation for

the soluton be =z, =G (L) v,. Deline V(z) =V'w (z) Applying the Wiener-

Kolmogorov formula and letting A° (z) = A(z) + B(2)U(z) , the equilibrium MA solution

must follow,
AG(z) = 5((;(2) - G(o))z*1 — A% (2)2G(2)+ V (2). (A.6)

Multiplying both sides by z and rearranging
(Aoz 8- A (z)zQ)G (2) =BG (0)+V(2)2 (A.7)

Let J(z) = Adj(ﬁ —Az+ A° (Z)ZZ) and g, (z) = detJ(z) ; these imply

G(z)= J(2)(8G(0) =V (2)z). (A.8)

Without any additional restrictions, (A.8) expresses a solution to (A.6) that holds for any

J(z) and V (2).
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Before we proceed further it 1s useful to make an observation about the structure of

(A.8). First notice that if the 2x2 matrix 3 1s the zero matrix, then analysis entirely centers
around the roots of the modulus of the determiant of the 2x2 polynomial matrix

Az — A° (z) 2*. Assume that the determinant of the 2x2 matrix A, is nonzero so that
we can multiply both sides of (A.7) by A;*. Analysis now centers around the roots of the
polynomial equation w(z,6)=0, where o(z,5) 18 defined as

@(z,0) = det(2f — A '3 — A A (Z)ZQ) In the case of no control one defines the

corresponding polynomial by replacing A° (z) with A(z).

As our general analysis of the construction of a solution to (A.7) 1s complicated, it 1s
useful to first consider a simple special case in order to develop mtuition. Since any

polynomial matrix may be reduced to diagonal Smith form by pre-multiplication (post-
multiplication) by an appropriate unimodular matrix U, (2),(U,(z)) (Zhou, Doyle, and

Glover (1996, page 80, Lemma 3.25)) it 1s useful to examine diagonal cases. Recall that

unimodular polynomial matrices have nonzero determinants that are constant in z. For

example there exist unimodular polynomial matrices U, (2),U,(z) such that
Q(z) =U,(2)(Az— B — A° (z) Z*)U . (z)where Q(z) is diagonal. Thus the set of roots to

the polynomial equation det@(z) =0 is the same as for det(4z— 3 — A° (z) 2)=0.

In view of this result we use diagonal systems below i order to generate mtuition about

general systems.
Assume that A° (z) and A(z) are diagonal polynomial matrices and V(z) = I for
all z. Furthermore suppose that 8 is a diagonal matrix with common diagonal element

woe. 8= pl. Itis evident that a solution to the MA form 1s defined by
(z—p— A (z) 2*)G, (2) = z — pG,(0),. (A.9)

for i=1,2. Recall that Ag (z) are polynomials of finite degree. Factoring out —p from

both sides of the above expression,
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(1- ,l[lz + ,UilAuc (Z> ZQ)GM,(Z) -
(H”‘H(l - gikz))Gﬁ(z) = GM,(O) 1- (bGii(O))ilz)

k=1

(A.10)

for 1 =1,2. Now let gjn s be the root that will exist if g 1s small enough and which goes

to infinity as g goes to zero. Choose (MG“-(O))_l = gin .»» and cancel the term off both

sides of the above expression for ¢ = 1,2. This operation 1s analogous to the procedure in
Appendix 3. If we now take the modulus of both sides, take the natural log and integrate

for z over the unit circle, Le. for z = e, w € [—m, 7|, we can use the formula of Wu and

Jonckheere from (A.1), to obtain

dw=-2r Y In|g{, |+2nn|G,(0). (A.11)

{k:A [>1}

]ln‘Gii(ew)

Notice that this equation makes sense even if some of the roots are unstable. We always
maintain the assumption that when control 1s applied, that the controlled system 1s stable.

In that case the first term on the RHS of 1s zero.

We next consider a general 2x 2 matrix case. For A¢ (z) = A(z) + B(z)U(z) and

with V(2] = 1 we have
(=B)I =B Az+ B A (2)2°]G(2) = (=BG(0)[T — (BG(0)) 2]
Taking determinants on both sides, det(8) cancels off so that
I, (1 — g;,2) det G(2) = det(G(0))det(I — (BG(0)) ' 2) (A.12)
Notice that det(I — (8G(0))'2) can be written in the form
det(I — (BG(0))"2) = (1 —n,2) (1 —1,2) - (A.13)
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Thus we perform a root cancelling exercise like that above for the diagonal case where we
cancel the two roots that play the role of the twice repeated solution z = 0. Label these

two roots as m,m — 1. Then we have

21— gikz) det G(z) = det(G(0)). (A.14)

dw. While this

™
One may now repeat the analysis above to compute f ln‘detG (eii”)
m

decomposition sheds light on the forces that determine Bode-like mtegral contraints for

hybrid systems, it 1s important to note that the “constants” depend upon the choice of
control A (z) in the hybrid case. In the backwards looking case, § = 0, the constants
are iIndependent of the choice of control so long as control is chosen to stabilize the system.

Wenow consider the fully general case. The stability of G (z) depends on the

location of the roots of the characteristic polynomial g, (z) Notice that
appears on the RHS of (A.8). In principle, we could specify any

arbitrary G (0) and the solution (A.8) would still be valid. Suppose, for example, that the
determinant g, (z) has no roots inside the unit circle. Since G (O) does not affect the

characteristic roots of the system, (A.8) 1s a stationary solution for any bounded G <O) In
this case there exist multiple stationary solutions to (A.8). To obtain uniqueness one needs

additional conditions to restrict G (O) These conditions are provided by the requirement

that g, (z) contains unstable roots. If this 1s the case, the elements in G (O) can be chosen

i order to exactly cancel those unstable roots. How is this condition related to the

proposition on uniquesness we present in Appendix 2? The connection lies in the fact 1s

that we are searching for a solution in the space of one-sided moving averages in v, that are
o

square summable. For any solution G (z) = Z gizi belonging to that space, equation
=0

(A.8) must hold. In addition to consistency with (A.6), square-summability is the only
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additional requirement for a solution. The conditions for uniqueness that we assume

ensure that the elements of this matrix are chosen in order to ensure that the system 1is
stable. Stability of the system 1s entirely determined by the roots of the polynomial g, (z) .
The choice of the elements 1s made in order to ensure that any unstable root at the

denominator (a pole inside the unit circle of gd (z)) 1s cancelled with an unstable root at

the numerator (a zero mnside the unit circle of each element of J (z)(ﬂG (O) — V(z)z)

The conditions for uniqueness of the rational expectations solution corresponds to each

numerator term in this matrix to become zero at the unstable poles of the denominator.

Let P; denote an unstable pole, then each P, provides the associated set of equations
J(@)(ﬁc(o)—v(@)@)zo (A.15)
whose rank 1s zero, since J (p?l) 1s by construction not mvertible. Generally, the condition

for uniqueness n a 2-equation system corresponds to requiring two roots of the polynomial

g, (z) being unstable. In that case, the system that solves for the constant 1s

0

)+
)+ Ty (B2) (B + Bl — Bty (7))
)) + ( 2)(52190,12 + 809022 — Py, (172))

To simply notation, define

Y (z)) (A.17)
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The explicit expressions for the constants are

~b(n)n (7.) (A18)

9o21 (]_717]_)2) = O;(_l_>;1 P a 232;:2;173) (A.19)
5(5
Yo.12 <p17]_72) a(;);? (A.20)

—a(p)x, (7, N
(p . (A.21)

We can now derive (29) in the text. Recall that
,(2)= det (4, — B — (A(z) - B(z)U (2))2*). (A.29)

We denote the determinant by g, (z) to stress that the cancellation of unstable roots that

allows the uniqueness of the solution has not yet been considered. The solution matrix can

thus be written as

G (z) =
[Bugmu + 61290721 AU, (Z) 61190’12 + ﬁmgoﬂ — 20, (Z> (A.23)
Iy (z) Iy <Z> Bodon T Brbys — 20y (z) 62190,12 + ﬁmgogz — AUy <Z>

Once the constants in G(O) are properly specified it 1s possible to write each term of
G (L) as having a common denominator whose zeros are all outside the unit circle, we

denote such a denominator by g¢ ., (z), as noticed, this denominator 1s common across
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terms modulo additional terms that are functions of the denominator polynomials in

Vo'W (L) This property 1s important since the last term does not depend on the control

applied to the system. We make this statement formal in what follows.

Recalling that W (L) has the form (4) in the text it must be the case that for V (L)

V(L) =V "'W(L)= U: 1) U: L) = vd: (L) vdz Bk (A.24)
Uun (L) 0 (L)

vij(L):U"”(m: %j(L) ' (A.25)

The terms 1n the second matrix of the solution matrix will take the form

ﬁngo,n + 51290721 _ Vit Ei; _ Vi1 (L)(ﬁngo,n + ﬁugo,m) AU (L) = 6n,11 (L) (A.96)
11

Uit (L) Uy (L)

It follows that the form of the solution matrix is
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17%11(2“) 7772,12(2)
SENSRRAEEAT e e
gd(z) J21<Z) J22<Z> ﬁn.zl(z) ﬁn.z?(Z)
0l
u ),[jd,ll Ezg + )dem EZ)) u )?w Ezg
a )%1 () T, )%1 () a )%2 7)
9o (z) Gnio (z)
_ 1 vdJl(z ’vdm(z) vdﬂ(z vdm(z)
9, (Z) 9o <Z> 9o (Z)
Uy (z Uy (z) v, (z)v(m (z)
91 (z) G2 (z)
_ 1|V, (z Uy (z) U, 1 (z)'vd_’22 (z)
9, (2)| 90 9, %)

proof of Theorems 3 and 4.

Proof of Theorem 3

—
N
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000 (20,20 (%)

(A.27)

The first step mn this expression is matrix multiplication, the second step defines the
numerators of each termas g i (z) since the free parameters have not been pmned down,
and the step applies the requirements for the uniqueness of a solution by choosing the free

parameters so as to cancel the zeros of the common denominator g, (z) mnside the unit

circle with the zeros of each numerator g i (z) . Equation (A.27) shows that the solution of

the hybrid model can be written in matrix moving average form where each element 1s a
ratio of a denominator term and a numerator term. While the numerator terms are
potentially different from one another, the numerator term has an endogenous component
that 1s common across elements and an exogenous component that differs across elements

and which cannot be affected by the control policy. This form 1s very convenient in the



We need to evaluate the integral of the expression 10g(| det D° (67W) |2>

According to our definitions, G°(2) = G (z> for U(z) = 0, therefore we can use (A.27),

which implies

(A.28
0 (0 () )00 () )
_ 1 Y9 (z)g 22 <Z 9. (Z)gn.l? (z)
gd(z)2 Udll(’z Ud21<z)vd12 Z)vdm(z)
It therefore follows that
s 2
fﬂlOg[‘detGC e‘i”) ]dw:

I 1og[g e )g ()= 0 ()00 (e—wy]dw. (A.29)

—iw
()

9.\¢

—2f log[

o 5[]

2
]dw

The interesting features of this expression derive from the first component, 1.e.

2
w.
Before dealing with  this component, we evaluate the others. For the

term ﬁ 7; log[ 77:”)

stability requirement,

N Gl A Gl B A Ca A Gl

e

2], first write g, (z) as gdﬁ(l— gziz), where, because of the

i=1

g, (e

<1 for every i=1,.,d°. Notice that the zero degree

C
Yui

coefficient in this polynomial does not depend on the control applied to the system; it can
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be shown to equal the determinant of the matrix coefficients for the forward looking

elements, 3 ,ie. g, =det3 = (ﬁnﬁw — ﬂmﬂm). As for the second term, the elements

Uy (z) have been constructed so that

0y (2) 0m (2) 001 ()00 () = TT(1 = 0,,2) (A.30

k=1

where /4 1s the sum of the degrees of each denominator term and the v, ’s are the

eigenvalues associated to the zeros of each denominator term, all of which are assumed to

—iw
v, (e)

With respect to the first term, first rewrite the polynomial expression as

s
lie mside the unit circle, the contribution of Z f log[
—T

i,j=12

2
]dw n (A.29) 1s zero.

0o ()9, (2) — 9.0 ()9, (2) = 07 11 (1-9¢52) (A.31)

i,j=1.2

Neither the zero degree coeflicient gf nor the roots of the mdividual polynomials in

(A.25) are bounded by any stability requirement; rather they depend on the interaction
between the structural parameters of the model and the properties of the processes of the

exogenous disturbances entering the system. This can be clearly see from the expressions
above for the determination of the constant matrix G (O) Once this matrix is substituted

mto the solution and the desired roots canceled, both the common term and the zeros are
reallocated i ways that are, loosely speaking, unrestricted. It follows that there are no basis
upon which we can a priori rule out their contribution to the Bode constraint. It follows

that
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2

I R

] e 2 (A.32)
J o (o) | 1T [1=9%,e7)

w.
i,j=12

w =

o]

Using Lemma 1 as i the proof of Theorem 1 the result of Theorem 3 follows
immediately.
An essential distinction between a system containing forward looking expectations

and a system that 1s purely backwards looking lies in the fact that the coefhicient on the zero
degree term gf 1s always affected by the control through the commitment of the

policymaker to a rule that forces agents to respond in a particular way to shocks in the time

period they are realized and observed.

Proof of Theorem 5

Part 1. The result for the backwards-looking case 1s a direct consequence of Lemma
1 applied to eq. (46) in the text. For the hybrid case the design transformation matrix

obeys the sequences of equalities

:r log ML.]. (w) dw =
2
cf —iw o [ —iw
f log‘detS(w)‘ dw log o (6 ) ~dw + "o I (6 )2 dw =
: e e
NC ([ —iw c [ —iw
fﬂ log % (e ) dw + i logM—de (A.33)
e e
C —iw C —iw
[ log‘gn (6 ) - dw + "o Tns (6 );dw =
e e
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where i € {v } if ‘gévf‘ > 1.

Part 11. Write the backwards looking system as

Az = A° (L)ZL’t_l +W(L)w

0t

(A.34)

3

where A° (z) = A(z) + B(z)U(z) and let AN (z) = A(z) Since we have assumed that

w (L) is diagonal, which results also inw, = v, , the controlled system is

T, =
1 aw—ag(L)L —a,,, +af (L)L|[w, (Z) 0 s
det (4, — A° (L)L) |~ + a5, (L)L On—a L)L) 0 w,(L b =(A4.55)
1 (%22_ L L) ( a012+a102 (L)L Wy, L)
v
det(AO—AC (L)L) ( gy T ( )L) ( ) ( [m—alc1 (L)L w,, (L) !
which means that
c c
el 1 %&)&Aﬂ
D=FEle e .

1

det(4, — 4% (L)L)

(00— a5 (£)2)0, (£) (o, + 5 () ()]
(= + a0 (E) D)0 (£) (0 = (£) )y (2]

Notice that

det D (2) = det (4, — A° (L) L)det W (L). (A.37)
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The uncontrolled case has a similar form. The design transformation matrix can be written

as

M(z)z
det(d, — 4" (=) )t (4 - 4 (7))
det(4, — A° (lz) )det(AO A° (2 *1)[1)

(A.38)

=9 06 ()) b e ()
o " R o Bl T
R T A T
PR RE e e T R

For a SIMO model the control can be applied only to one equation. Without loss of

generality, we focus on j =1, which corresponds to the control being applicable only to

the first equation in (A.34). For this case, a; (z_l) = aﬁc (z_l) and %02 (z_l) = aégc (z_l) ,

which imply that
M(z) =
det(AU AN (z)z)det(AU — AN (z )zfl) "
det (AO —A° (z)z)det(AO — A° (271) zfl) (A3
1 (a012_a102 (Z)Z)<ao,12_a16; (zil)zil)
(aom alf\;C (Z)Z> (%,12 o 1];0 (Z_1>Z_l)
1 (aon _a101 (Z)Z> (a()u a1c1 (’zil)zil) ’
(aon —a)’ (z)z) (“o,n —a)’ (z%)zfl)
so that

det(4, — 4" (=) o)t (4, ~ 4 o))

det(Ao — A <Z>Z)det(A0 A (z*)zfl) (A.40)

log M, (z) = log M, (z) = log
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and the result follows from Lemma 1. When j=2, alC1 (z_l) = aﬁc (z_l) and

cf_ -1\ _ ncf -1
a, (z )—a12 (z >0ne has

det(4, — 4 ()z)der(4, - 4 (7))
det(4, = A° 2] )den[4, — %))

log M, (z) = log M, (z) = log (A.41)

which completes the proof for the backwards looking case.
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Appendix 2. Conditions for Unique Solution to Hybrid Model

Several methods have been suggested to state the conditions for the existence and
the uniqueness of a solution for linear rational expectations models with forward looking
components. Despite a continuing ongoing effort, a truly general method encompassing
any generic form of multivariate rational expectations models 1s still unavailable. Onatski
(2006) appears to be, at the time of this writing, the most promising attempt for an
analytical method that 1s both straightforward to interpret and is applicable to a large family
of rational expectations models”. Sims (2007) refers to computer programs available on
his website that resolve the issue for models with a finite number of leads and lags. For our
purpose, as long as a unique equilibrium exists, the results presented in this paper hold.
For completeness we report the conditions for uniqueness that apply to the models of this

paper. The hybrid model we employ takes the form

+ € (A.42)

t—1 t

Az, = BB, +(A(L)+ B(L)F(L))=

where ¢, = W(L) w,. We work under the assumption that W(L) 1s a rational function
and 1s invertible mside the unit circle. Invertibility 1s not a major issue as one can always
rotate the space of disturbances to obtain an invertible representation. The assumption of
rationality ensures that the process &, has a rational spectral density matrix. We look for a
solution in the space of the square-summable linear combinations of current and past
realizations of the driving processes. It 1s useful for us to work in the space of orthogonal

innovations to the driving process, so we employ v, with orthogonal elements such that
g, = W(L) Vv, . For the following results the scaling by a constant matrix is irrelevant

therefore we abstract from the orthogonalization issue.
The hybrid model of this paper belongs to a family of multivariate rational

expectations models that can be represented as

12 Sims (2007) expresses some concerns about Onatski (2006).
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(A.43)

e} T

2.

j=—00 5=

7,87 t—s t—j t

A E z =Hf
0

The mathematical expectations are taken conditional on the information available at time

t — s, including the structure of the model and all the current and past realizations of
exogenous and endogenous variables. The vector f is a vector of current and possibly past
realizations of the exogenous driving process w,. The real matrix H can take any form
and 1t will absorb, for imstance, the constant matrix V . As an example, consider the simple
case of W (L) = I, then (A.42) may be represented by (A.43) if

Af1,0 =0, Ao,o =4 Aypo - Aj—l + B F forj>0.
When W (L) takes more complicated forms, the mapping between the two

representations 1s convoluted but 1t 1s always well defined.

In order to state the conditions for a unique solution to (A.43) we define A (w) as

r

Z ‘/le,sefi(jfr)w
0

j=—00 s=

Alw)
(A.44)

This 1s essentially the evaluation of the z —transforms of the expectational equation along
the unit circle. The key result in Onatski states that the behavior of the solution to the

linear rational expectations model depends on the behavior of the graph of the function

the

detf](w) for we [0, 27?]. Since €U are periodic functions with period

j—r
graph of detA(W) designs a closed contour in the complex plane. The number of times
that the graph of rotates clockwise around zero 1s called the winding number of A (w) . The

winding number 1s negative if the rotation around zero 1s counterclockwise. The following

proposition is adapted from Onatski (2006).
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Proposition A.2.1. Necessary and sufficient conditions for unique rational expectations
equilibrium

The rational expectations model of the type (A.43) has a unique solution if and only 1f the

winding number of det A (w) 1s equal to zero.

The winding number of detzzl(w) 1s equal to the sum of the partial indices of

A(w). The partial indices are the exponents of the diagonal elements in the diagonal

matrix of the Wiener-Hopf factorization of A(u)) . As an example of the result in practice,

for a simple hybrid model of the form

Az, =BEg, +(A-BF)z,_ +u, (A.45)
One has

Alw)=—Be” + A —(A—BF)e™ (A.46)
Applying the Wiener-Hopf factorization one can derive the partial indices and check

whether the parameter values satisfy the condition for uniqueness.

Appendix 3. Justification of design limits for unstable no control proceses

In order to understand how design limits may be computed 1n the presence of the

nature of the argument, we explicitly solve for a scalar AR(1) case

r, = BEz,  +ar,_ +bu +c¢ (A.47)

t+1
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with associated scalar feedback rule

u, = uzx, | . (A.48)

The z—transform of the MA coeflicients for controlled system equilibrium may be

written

s -s) _ ai-(oa)
(r—p—c) [1-g02)(1-o5]

(A.49)

where ¢ =a +bu. Let 952 be the root with larger modulus and 951 be the root with

= ¢ and lim = 00. One can

smaller modulus. It can be shown that lim 50941 50

c
Yaz
c o\ c N
then choose g, so that (ﬁ 9, > =g,, and thus cancel common terms from numerator

. ~ C ~ . . . .
and denominator of G (z, ﬂ) We refer to this operation as root cancelling to achieve

analyticity in 2 It is straightforward to show that lim,_ D¢ (z,ﬂ) = (using

1—cz

L’Hospital’s rule). Now write an analogous expression for the “pseudo solution”
NC . .
G (z, 6} ) and conduct root cancelling analogously to the above. One can then consider

the analog to the sensitivity function,

S(z,ﬂ)z 2~ Bgy 2—B—az’ _ %o [1_(@%) z] 2 - B—a (A.50)
z—ﬁgévcz—ﬁ—czQ gévc[l—(ﬁgNC>_lz]Z_ﬁ_cz2

0
‘Write

z—f—az" 1-p"2+03 """ (1_951\,[102)(1_9;\,[2%)
r—B—c 1-B'z+8'%? (1 — gdc)lz)<1 — gfzz)
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Cancelling roots for both the C' and the NC' part of the above expressions and collecting

terms,

(A.52)

We define S (z,ﬁ) to be the sensitivity function for the hybrid model with

parameter 3. Note that every mathematical operation that needs to be done to form
S(z,0) in the definition of sensitivity function above is valid independent of the stability of
the underlying stochastic processes just as in the definition of the sensitivity function in Wu
and Jonckheere (1992, page 1801). One should think of the construction above as the
analog to the open loop poles (the NC case) and the closed loop poles (the C case) of Wu
and Jonckheere (1992, p. 1801). The same kind of construction as that above applies to
general scalar cases so long as the resulting polynomials are of finite degree.

Generalization of this argument to the general scalar case is straightforward. For
the backwards case, the analysis hinged upon eq. (21)-(23) mn the text. Factoring the RHS
polynomial in (21) produces the closed loop poles (open loop poles) analogously to Wu
and Jonckheere (1992, p. 1801). For the hybrid matrix case one can follow in an
analogous fashion by replacing (A.47) with its matrix analog, generalizing (A.48) to allow
for more complicated feedback rules. The same kind of cancellation of appropriate roots

we did for the scalar case can be done in order to define the determinant of the sensitivity

function det (S (z, B)) Note that gév ‘. gOC are now 2 X 2 matrices. One might think at

first blush that four unknowns cannot be “cancelled” by two roots. But there are

symmetries 1n the structure of this problem that induce dependencies in the matrices of
unknowns gév C,gg so that there are effectively only two unknowns per each matrix.

Appendix 2 discusses the construction of the equilibrium MA coefficients in more detail.
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