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Appendix B from Scholz et al., “Are Americans Saving “ Optimally” for
Retirement?’
(JPE, val. 114, no. 4, p. 607)

Imputing Earnings in the HRS

We have two problems with the earnings data that we address. For 77 percent of the 1992 HRS sample, we have
access to each individual’s social security earnings records from 1951 to 1991. The social security earning
records report wage, salary, and self-employment income up to the earnings maximum (the earnings thresholds at
which social security taxes are no longer taken from income). For 93 percent of the respondents with social
security earnings records, we also have W-2 earnings records from 1980 to 1991. These W-2 records provide
complete earnings information for wage and salary earners and the self-employed. The first difficulty is that 24
percent of positive social security earnings records are top-coded, and 40 percent of respondents with social
security earnings records have at least one top-coded observation.

Our second problem is that 23 percent of respondents refused to grant access to social security earnings
records. For these households we have self-reported earnings information for their current job (or the most recent
job if not employed) and as many as three previous jobs. We need to estimate their earning profiles on the basis
of their self-reported earnings information.

The goal is to use all available information to impute top-coded and missing earning observations and as a
result obtain complete individual earnings histories. For the imputation, we proceed in two steps. First, on the
basis of the social security and W-2 records, we estimate a dynamic-panel Tobit model to obtain individual
earning processes. Then, conditional on all available earnings information, we use the estimates to impute the
top-coded and missing observations.

A. Estimation

We start by describing our approach to estimating earnings for individuals with top-coded earnings.

For simplicity, suppose that we have earnings recordd ofdividuals from timet = 0 toT, where 0 is the
first period in which these individuals started working full-time. Assume for the moment that earnings are
positive in each time periotl.Denote the logarithmic value of individu#k latent and observed earnings s
andy;,, respectively. The relationship between the latent and observed earnings is

Yy = @ ity <y
it Ic |f y|*t Z yttc'

wherey/® is the logarithmic value of the social security maximum taxable earnings at.time
The individual log earnings process is specified as

Yo = Xi{oBo T €0,
yij,‘t - pyift—l + Xil,tl6 + ei,li te {11 21 o T}’

€ = o T Uy, (B1)

wherex;, is the vector ofs characteristics at timg and the error terng,, includes an individual-specific
componenty;, which is constant over time and known to the individual before time 0, and the unanticipated

4! Generalizing this to the case in which the earnings series begins after time 0 and the case in which some earnings observations are zero is straight-
forward but detail-oriented, so we omit the discussion. We did treat these cases in practice, however.
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white-noise component,, . Notice that paramefgrand g are allowed to be different. In the following
analysis, we employ random-effect assumptions with homoskedastic errors.

AssUMPTION 1. oy]X ~ iid N(O, o?).

ASSUMPTION 2. U, |x ~ iid N(O, ¢7) for all t.

ASSUMPTION 3.

Elu,|x, o] = 0, E[ui|X, o] = o2, E[uu,|x, o] = 0vte{0, 1, ..., T} t # Kk

wherex, = (Xg, Xiqy «ees Xi1) -
These three assumptions imply that

€ = (Ei,or 6i,lv LR | ei,T)/ ~ N(O! E), (BZ)

where

2
|:‘]70,0 Op1 """ UOTD

p= [ ok o]

s 2
7o 071 ot

with o = o2+ o2 for j = k, andg;; = 0,2 otherwise. Our goal here is to obtain consistent estimates of the true
parameter®* = (8, B,, 0, 02 ¢2) . We do this by maximum likelihood.

To construct the likelihood function for each individual's earnings series, notice that we can write the joint
probability density function of each pair of random variab(gs, y;) as

9% Vil Y1 Yo Yieas Yiear =0 Yhoo Yor % 0)-
From the AR(1) assumption on earnings made in (B1), it follows that
IV Yel¥io1r Wieas Yomzr Yieor =0 Yoo Yor %0 0) = 9% Yl ¥iens Y X 6)

In other words, of all the information about past realized and observed earnings, only information from the
previous period matters. As a special case, the conditional likelihood of théypay’,)  go(Vis Yo% 6)
because there is no information about earnings before period 0.

Applying Bayes’ rules to the density( ), we have

9o YY1 Yen %0 0) = h(Vi Yo Yr Yo X0 000 Y Yien %, 0), (B3)

where the density for the log of observed earnings conditional on the past information is a conventional Tobit
likelihood function

AVl Yo ns Yien %o 0) = [FulYss Yiens X O] 0P (v > WO Y as Yins X%, O,

wheref(') and Pr( ) are a probability density and a cumulative distribution function, respectively, and the
conditional densityn( ) for noncensored observations is the probabifityss function

* c * . If i* =)
O <HS Yon Yiss %0 6) =% it zi £y,

and the conditional density is simph{y’|y.. = ¥, ¥...1, Y1 %, 0) for censored observations.
Similarly, we can write

Go(Yior Yol X 6) = ho(Wol¥ior % 0)Go(YiolX: 6),
where the conditional density,(-) for noncensored observations is the probahaks/function
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if v =V
h * . 0 — % . |;‘0 1,0
o(¥ol % ) it Voo % Yo

and the conditional density 1s,(¥o|Y.oc = Y5; X, 6) for censored observations. In addition, the density for the

time 0 log of observed earnings conditional on known information is

%(yi,o|)_(w 0) — [f(yi,0|)_(i! 9)]1{yffo<ybc)[pr(wozy6c|)_(i’ 0)]1{yi*,ozyiﬂ'

From (B1) and (B2), it is apparent that the functidifg,|x, 6) O Y1y Yo X, 0) t>0 , are normal
probability density functions anBr (v, > yg|x, 6) arr (> Y|V 1, Vs X, 0) t>0 , are normal
cumulative distribution functions. For expositional convenience, define

h'(0; X, 6) = ho(Yol¥io = Yo X, 0),

h(t; %, 0) = h(Yil%: = % Yiens Yie s X, 0), t>0,
q(0; x, 0) = do(Yios % 0),

at; %, 0) = A¥ieYe1 Y w X%, 60), t>0.

The likelihood function fori’s series of observed log earnings is

Li(Yirs Yiro1r oo Yor Yios X 0)

B ]
=J f [tﬂoq(t; X, 0)] -[h(yf,‘o; X, 0)Hh(yf}|y,“ Yin Yea %, 0)dyfor -y
vir Yok = =

o o P T Cn
=j f [Hq(t; 19,0)]-[1_[ hee(k; 5,eidwq---dx;
Yiren Yie, (=0 k=cy

.
= EpoL L %, e)], (84)
wherec,, c,, ..., c, are the periods in which the log observed earnings are censored, that is, equal to their

corresponding top-coded limits. Notice that, since we do not obsgrve  when it is censored, we integyate out
for censored observations. Unfortunately, the integration does not yield any analytical solution, nor is direct
numerical evaluation of the integral computationally feasible in this case. As an alternative, Chang (2002)
proposes using a Geweke-Hajivassiliou-Keane (GHK) (probit) simulator to deal with the computational burden of
the integratiorf? The estimation results are given in table B1.

B. Imputation

The idea is to impute top-coded and missing earnings observations with their conditional expectations, where the
conditioning variables include both the individual’s characteristics and observed earnings. The conditional
expectations are calculated numerically on the basis of the dynamic earnings model (B1) and the distributional
assumption (B2). The imputation scheme is similar for top-coded and missing observations; therefore, we discuss
only the scheme for top-coded observations Hére.

“2 The GHK simulator gives a numerical approximation of a probit probability of interest. It is a popular choice of probit simulators because of its
relative accuracy; see Geweke, Keane, and Runkle (1994) for details.

4 We can think of a missing earnings observation as an observation with a top-coded value of zero, which is equivalent to saying that we know
nothing about earnings in that period (as opposed to the case in which we observe top-coded earnings and know that the actual earnings are at least as

3
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To be concrete, notice that (B1) implies that

Elysly, X, 6] = XoBo+ Eleqly, X, 0],
E[V|y, X, 0] = pE[Y 4]y, X, 6] + xB + Ele]y, x, 0], te{l, 2, ..., T} (B5)
wherey = (Yo, Y1, ..., ¥r) is the series of individuaélk log of observed earnings (the individual subscrijs

omitted throughout this subsection). By construction, given information about the individual’'s characteristics and
observed earningg[y;|y, x, 6] is on average the best guesg for . In other words, for top-coded observations,
equation (B1) suggests the imputed values

Y™ = E[V % = ¥ ¥ X, 6l

which requires knowledge d[e,|y, = ¥, y, X, 6] for every periddh whichy, = y°. The analytical form of
Ele|y. = ¥°; ¥, X, 6] is not available in our case; therefore, we calculate this object numerically using the Gibbs
sampling procedur¥.

To facilitate the discussion about details of the procedure, denote (eq, €;, ..., €1) € = (€1, €rzr wor s
er), ande_ = (eo, €1, ...\ €11 €414 ..., €7)" TOr @ny vectoe = (eq, €, ..., €)' . Here, we want to simul&e
sets ofe that are consistent with the obseryed xand givéihe Gibbs sampling procedure does this in two
steps for each round of simulation.

1. In therth round of simulationr = 1, 2, ...,R , generate a “random” initial vakig = (e$s, €i% ..., €5,

.., ) that satisfies (B1) givey x , artd Notice thate] is not identified whey = y/° . In this casf s
chosen randomly under the restriction th&t = (y'le., = €%, & = €{3; X, )=y i<y apdy° €9,
is defined by (B1); that is, it is actually not random.

2. Starting withm = 1, draw a random numbe¢}, fram= 0, ..., T  from the distributior,fef ,; X, 6
such that

k _ k — _ —_ . _— H t
yt,rS'lr) - (yt |§>t - Egt),mfli €4 = egt,)mi € = et(,l;%! Z(! 0) - yt If yt<ytC
and
* — * — — — . 1 — t
t,rg) - (yt |e_>t - Egt),m—lv €<t - Egt?m! et - Et(,?v )_(1 0) Z yt If yt - ytc'

(This is equivalent to drawing(, fromle ; y, X, § .) Then, continue from= 2 nto= M

With ¢, r = 1, 2, ..., R, an estimate oE[e |y, x, ] is

- 1<
Elely, X 0] = =2, el (86)
r=1
Given the estimaté[etb_/, X 0] , we calculate the imputed value of earnings as

i = X480+ Ele Y, X, 6]

and

Y™ = oy + X8 + Elely, X, 6], tedl, 2, .., T} (B7)
Notice that, by construction,

large as the top-coded earnings).

4 Briefly, Gibbs sampling is a procedure to draw a set of numbers randomly from a (valid) joint distribution. Then, the random draws are used to
estimate properties of any marginal distribution of interest, which is difficult to derive analytically from the joint distribution. The proeédsrenr

the law of large numbers, i.e., that moments of a distribution can be estimated consistently from a set of random draws from that distribution.
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1 &
= R
and
yime = —Ey*<'>, tefl,2 .., T}
and thaty™ =y, ify,<y® andy™ >y, ify, = y'°.

The remaining parts of this subsection (i) construct the functional form for the conditional distribution of
&le_; x 6 and (ii) show how to draw a random numh&,  from this conditional distribution to satisfy (B1)
giveny,x, andd. More notation is required. For any matiix denoteX,, as the element o on thetth row and
tth column,X, _, as thetth row of ¥ with the element,, removed,Z_,, as thetth column ofXZ with the element
L, removed, and_, , as the matrix@ with the tth row andtth column removed.

Recall the property of a joint-normal vector that

€~ N(E[g], )= Et|§—t ~ N(Mt|—tv Z:t|—t)=

Bij—t = E[Et] + Et,—tE:tl,—t{ﬁ—t - E[ﬁ—t]}v

Et\—t = Z:t,t - Et,—tE:tl,—tE—m (B8)
(see, e.g., Goldberger 1991, 196-97). Recall from (B2) Hig} = 0 and (1 — p)dl,, + po; 1T+1 , Where
1;,,isa(T+ 1) x (T + 1) matrix whose elements are all 1. Thys, = L, L} e, ,&8ndI} =
LI .andL, =L, foranyt=0, ...,T and =0, ..., T .
Recall that we draw a value faf;) randomly from the conditional distribugjfn, such that, giyien ,
€S €8, %, ande,
*(r) = yt If yt<yt‘C (Bg)

e lyf =) ity =y"
In practice, it is more convenient to work with the standard-normal transformatiee qf ,

€ |E_ - _ _
7 = Cle) Z s oy, 0y = Ty e (B10)

Ot —t

From (B1),€ole-o = (Yole-o) = XoBo andee_ = (% — pYale-) =xB t e {L, 2, ..., T} . Also, sindgyle_i; X,
(yr |6<r1 X, 0) (yt 1|e>t = (>t)m 1 € = egt)ml X, 0) = yt*-(rfm
Thus with the transformation (B10), drawnaf;rl from (B8) to satisfy (B9) is equivalent to dragfihg, such
that

XoBo— M(g\)—o,m

Op| -0

1( (r) + [1 (r) ]¢, (ytoc — XQ)BO_ [,L((r))o,m)) if Vo = y(‘f

Op|-0

if Yo<Vo

Zg\ om — H
(-
d

fort = 0, and
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— oY P — XB — 1
Ot —t

c_ *(r) _v/R — ,,0
( ) + [1 _ Et(rr%](b(y[ pyt XtB :“'t—t,m)) |f yt — yttc

Oyt

if y<y®

for t > 0,* with

*(r) = Xof8o + [00\ OZO\ om T #0\ Om]

and

Vol = oy O+ XB + [0y (20 o+ 1], te{l, 2, .., Th

where

e®
,U-(tr\) tm — Et,—tE:tl,—t( (r?lm ) )
E>t,mfl
el = 0y Z o T B 0y = Ey and.Etl,l =X, — Ely,tE:},,}E,m, ance() is a ran.dom draw from a [0, 1]
uniform distribution. Notice thay =y, i<y angf >y i = y° by construction.

C. Social Security Function

From the expected earnings profiles, we can calculatéifittene summation of household earnings up to the
year of retirement ak; = <& ,whee denotes the household earnlngs fpiragecommon base year unit,
and S andR denote the flrst and the last working ages, respectifddenote¢” andp” as the fractions Bf,
that are contributed by the husband and wife of the household, respeéti@ythe basis oE, ¢" , ang” , we
can approximate the household annual social security benefits as follows.

a. Calculatelndividual Primary Insurance Amount (PIX)

Individual i's annual indexed monthly earnings (AIME) can be approximated as

PE,
R (B11)

AIME' ~

with

% To see how this works, note first that for N(u, 0%) f(¢) = (2m0?) “?exp[-0.5€ — u)lo] . Define= (e — p)/o . It follows tRéd) = ®(z(e))
where® is the standard normal cumulative distribution function. Thus

BA) = FE) = £+ [L - §IF(E) = &0 + [1 — 19,

In other words, drawing® from a truncated distribution of (e > ¢° ) is equivalent to drawiff = z(e”)  from a truncated distributi¢n| ot 7°)
and then transforming”  back t§.

“¢ As opposed to aliscounted present value of earnings, the summation is a straightforward summation of earnings in a common base year currency
unit, which is the concept employed by the Social Security Administration.

“7 The terminologies “husband” and “wife” are not literal. In particular, we call a single male respondent “husband” and a single female respondent
“wife.” Without this simplification, we need separate treatments for married and single households. Under this generalizatibn, ¢, = &nd for
single-male households, agl = 0 api= 1  for single-female households.

“8 Social security benefits derived from the calculations in this section are not precise because the calculated AIME may be smaller than the actual
AIME and, conditional on AIME being correctly calculated, the calculated household benefits may be larger than the actual ones. For the former, the
reasons are that (i) we do not exclude the five years of lowest earnings from the calculation, (ii) we use base year (i.e., real) values of earnings after
age 60 instead of nominal values, and (iii) we do not take into account earnings in retirement if respondents work beyond their household retirement
dates. For the latter, the reason is that we assume that both the husband and the wife of a married household are eligible to collect benefits at the
household retirement date. If one of them is not eligible at the retirement date, the approximation will overstate the benefits. Neverthelgssfby virt
having complete earnings histories for most individuals, our calculations are considerably more accurate than those in other life cycle reimaulation

els of wealth accumulation.
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L' = 12 x max{R' — 22, 40},

wherei = h (husband) ow (wife), andL' is the number of months §§ covered period® Without loss of
generality, we seL” = 40 for single-male households &he& 40 for single-female households.
Individual PIA can be calculated as

PIA = 0.90 x min{AIME | by} + 0.32 x min{max{AIME' — b,, 0}, b,— bg
+0.15 x max{AIME' — b,, 0}, (B12)

whereb, andb, are the bend points. For the 1992 formulg,= $387  dmd= $2,333
b. CalculateHousehold Annual Social Security Benefits
First, theindividual monthly social security benefits are calculated as

ssb' = max{d,,PIA, di,qPIA % ssx}, (B13)

wherei’s spouse= h (w) if i = w(h), di,, is the fraction ofi's PIA thati would get ifi collected benefits
based ori’s PIA, d,...is the fraction of PIA ofi's spouse that would get ifi collected benefits based on PIA
of i’s spouse, andsx' is the monthly benefit thatould get ifi collected benefits based on the PIAitsf ex-

spous€e? Without loss of generality, for single-male households,

h — — — —
dspouse_ d“(len_ dV\gpouse_ SSXW - O
and
— Ah — Adh _ h __
d;h;lwuse_ d own™— d spousé SsX” = 0

for single-female households. In addition, we s&t" = ssx* = 0 for married households because we do not
have any information to determirssx’ . Similarggx'’ = 0 for any single households without information to
determine their ex-spouses’ PIA.

Finally, household’s annual social security benefits can be approximated as

ss, = 12 x (ssh” + ssb), (B14)

which, for a married household, is the benefits the household would get when both the husband and wife
survive. When one of the spouses in a married household diesntiual social security benefits of the
surviving spouse are

sssUvve = 12 x max{dh, PIA", d¥, PIAY, (B15)

In other words, we approximate the surviving spouse’s benefits to be the higher of the husband’s and wife’s
benefits that they would be able to collect on the basis of their own earning histories (which determine their
PIAs) and the household retirement date (which determines the fat)toFhis approximates the actual guideline
of the Social Security Administration.

4 Without the lower bound of 40 years in the max operatoaX{R — 22, 40} ), AIME would be too high for households whose members retire
before age 62. In addition, notice that we use ltbasehold retirement dateR ) rather than thadividual retirement date.

%0 To recover the ex-spouse’s PIA, we first compute the benefit amount that a single respondent would get based on her own earning history. Then, we
compare the amount to the reported amount of social security benefits in the first wave in which the respondent reported collecting the benefits. If the
reported benefit amount is higher, we assume that the single respondent collected benefits based on her ex-spouse’s records, and the reported amount is
used to recover her ex-spouse’s PIA.
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TABLE B1
Estimation Results of Individual Earnings Processes
SAMPLE
Male without Male with Female without Female with
VARIABLE College College College College
A. Initial Observationst(= 0 )
Constant 5.691%** 3.910%** 7.407%* 4,738*+*
(.204) (.444) (.133) (.434)
Race (white= 1, 0 otherwise) 282 .330 .135%** .006
(.033) (.305) (.029) (.087)
Years of schooling/professional .044%** -.135 017%xx .058
postgraduate degree dummy (.005) (.209) (.006) (.138)
No high school dummy/ —.005 -.120 —.162%** .065
postgraduate degree dummy (.003) (.149) (.041) (.086)
Marital status in 1992 HRS .107%+* .034 —.032* .033
(.030) (.042) (.017) (.278)
Two-earner household dummy —.047* —.145** .164%** .187
(.025) (.072) (.028) (.155)
Age .156%+* .29 xk* .057%+* 247xx*
(.013) (.024) (.009) (.028)
.01x Age? —.177%* —.330%** —.056%** —.307***
(.020) (.038) (.013) (.042)
B. Subsequent Observationts>0 )
Constant 2.642%** 2.066*** 3.296*** 2.917%*
(.042) (.156) (.071) (.141)
Race (white= 1, 0 otherwise) .106*** .061** .040%** —.009
(.010) (.025) (.010) (.091)
Years of schooling/professional .020*** .033 .025%** .066*
postgraduate degree dummy (.002) (.028) (.003) (.035)
No high school dummy/ —.037*** .002 —.069*** Q77
postgraduate degree dummy (.010) (.007) (.018) (.019)
Marital status in 1992 HRS 114 129 —. 1471 % —.166***
(.012) (.056) (.014) (.048)
Two-earner household dummy —.048*** —.078*** .210%** 197***
(.007) (.016) (.012) (.032)
Age .039*** .032%** .018*** .019%**
(.002) (.005) (.002) (.005)
.01x Age? —.047%* —.037*+* —.012%* —.015%*
(.002) (.006) (.003) (.006)
Earnings at the previous period .B29*** 737 .568*** .B659***
(.006) (.012) (.008) (.017)
Variance of the individual-specific .029%** .012** .041%* .022%*
effect @?) (.002) (.005) (.003) (.004)
Variance of the gross error term 213 .223%xx 240%** 213
(?) (.004) (.011) (.005) (.011)
Number of individual-year 86,382 21,286 47,145 8,609
observations
Number of respondents 2,914 720 2,576 446

Note— The dependent variable is the respondents’ natural log earnings. For samples with at most high school, the
education variables are (i) years of schooling and (ii) no high school dummy. For samples with at least a bachelor’s
degree, the education variables are (i) professional postgradute degree dummy (master of business administration, doctor
of law, doctor of medicine, or doctor of philosophy) and (ii) postgraduate degree dummy. Standard errors are in
parentheses.

* Statistically significant at the 10 percent level.

** Statistically significant at the 5 percent level.

*+* Statistically significant at the 1 percent level.



